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Abstract

We study a restricted version of the Erlang-R queueing model that has both server
and space constraints, in which the space restriction is administered by two types
of admission policies: blocking or holding in a pre-entrant queue. This model
captures a wide range of service environments, such as medical units, contact cen-
ters, and courts. We study the interplay between the two resource constraints and
the re-entrant queueing structure. We analyze the connection between staffing,
space, and policy decisions and the system performance as a tool for optimizing
resource utilization and in determining stability and performance. We develop
product form and many-server approximations of performance measures when
the blocking policy applies, and then utilize these results to determine approxima-
tions for the holding policy as well. We show that system dynamics are captured
by a single measure of the fraction time being “needy" in the network, and that
returning customers should be explicitly accounted for both in steady-state and
transient environments. We show that capacity allocation of both resource con-
straints (servers and space) should be considered jointly, and derive methodology
to determine it. We show that applying a holding policy requires more resources



than a blocking policy and demonstrate the application of our policies in two case
studies of resource allocation in hospitals.
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1 Introduction

Because service systems are inherently stochastic, it is common practice to use queue-
ing theory for performance analysis and workforce planning. Traditionally, systems
are modeled as a single-station queue, such as the M/M/s (Erlang-C), M/M/s/s
(Erlang-B) or M/ M /s + M (Erlang-A) models, with fluid and diffusion approxima-
tions applied to provide insights into the process dynamics. However, single-station
models often fail to capture the intricate dynamics of complex service networks. In
a healthcare context, think of flows of patients in a hospital from one Medical Unit
(MU) to another [1], routing within an Emergency Department (ED) between differ-
ent stages of treatment [2, 3], or transitions between medical facilities [4, 5]. Queueing
networks can effectively capture the dependencies among multiple service stages
and resources. More specifically, we are interested in the practically relevant feature,
that customers may require a specific resource multiple times during their stay in the
system. Examples include nurses treating patients several times during an MU [6] or
ED visit [7], or a service agent exchanging multiple text messages with a customer in
a contact center [8]. To explicitly capture such situations, two key models have been
introduced in the literature: the closed-ward membership model by de Véricourt
and Jennings (see Figure 1a) and the Erlang-R model by Yom-Tov and Mandelbaum,
where ‘R’ stands for reentrant customers (see Figure 1b).
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(a) The closed ward membership model (b) The Erlang-R model

Fig.1 Two classic models with multiple services

A feature of service networks that is often ignored yet essential concerns the
restriction on the number of customers that can simultaneously reside in the system.



For instance, in both contact centers and EDs, customers frequently return for multi-
ple services; however, the number of customers a single server can handle at one time
is restricted due to human cognitive limitations [10-12]. Similarly, in healthcare facil-
ities, nurses treat patients repeatedly, while the physical number of beds poses a strict
constraint on the number of patients who can be admitted to an MU at any given
time. In such situations, two or more critical resources (e.g., personnel and beds) are
simultaneously restricted. In this paper, we investigate the influence of such mul-
tiple restrictions on the open Erlang-R network dynamics and the required staffing
policies, thereby extending both of the above mentioned models as explained next.
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Fig. 2 Restricted Erlang-R models with maximally #n customers in system, where waiting or blocking is
allowed

The restricted Erlang-R model. The Erlang-R model [7] (Figure 1b) captures the
reentrant dynamics that occur when each customer undergoes multiple stages of
service during their stay. In this work, we extend the Erlang-R model by enforcing
a constraint on the maximum number of available spaces inside the service facil-
ity while preserving the open network structure. Our model hence incorporates two
types of resource constraints: servers that provide the actual service and spaces lim-
iting the maximum number of concurrent customers inside the service system. These
constraints affect the system in a highly interdependent way. We study two vari-
ants of this model, presented in Figure 2. In both variants, we assume there are s
servers and a maximum capacity of # concurrent spaces. Customers arrive according
to a Poisson process with rate A. If a new arrival finds n or more customers already
present in the system, we consider two options—either they wait outside the ser-
vice facility in a holding queue until a vacant space becomes available (Figure 2a),
or they are blocked (Figure 2b), as is the case when patients are diverted to an alter-
native MU when their primary MU is full [13]. Once customers are admitted, they
require assistance from one of the s servers for an exponentially distributed duration
with mean 1/yu. Then, customers leave the system with probability 1 — p, or, with
probability p, return for another service iteration after an exponentially distributed
time with mean 1/4. Service is non-preemptive; instead, returning customers wait
in an internal queue at the needy station until a server becomes available. Following
de Véricourt and Jennings [6] and Yom-Tov and Mandelbaum [7], we call patients
needy when they require attention from one of the servers and content when they are



in the delayed return phase. Additionally, we define customers as holding when they
are waiting outside the facility for an available space. We refer to the wait to enter the
restricted area of the system from the holding state as the holding time, and the wait
for a server to become available during a recurrent service stage at the needy station
as the delay time. We assume that the arrival process, needy times, and content times
are mutually independent. Note that both variants of our model extend the closed
ward membership model [6, 9] by eliminating the constraint that strictly fixes the
total number of customers in the system at n. This extension operates in two ways.
First, it allows the number of customers in the system to fall below 7, meaning the
system can be underloaded at times. Second, when the number of customers reaches
n, the system either blocks new arrivals or allows them to wait in a holding queue,
depending on the model variant. Crucially, the restriction on the maximum capacity
n can create scenarios where customers are forced to wait in the holding queue even
while a server inside the facility sits idle. In both the holding queue and the internal
needy queue, we apply a First-Come-First-Served (FCFS) discipline.

Examples of restricted Erlang-R. We now present examples from different domains
to underscore the practical relevance of a restricted Erlang-R model: an MU within a
hospital, aiming to capture both intra-unit and inter-unit dynamics; an ED operating
under strict patient-to-physician ratio restrictions; and a text-based contact center.

The first example is an MU in a hospital. Such units specialize in specific types
of illnesses (e.g., cardiac or oncology) and operate with limited resources, such as
nurses and beds. Nursing services within the MU are administered multiple times
throughout a patient’s LOS. If the MU is full, new patients may wait for an avail-
able bed in the ED—a phenomenon known as boarding [14]—or be allocated to an
alternative MU, a phenomenon known as off-placement or blocking [13]. The first
option corresponds to the model variant with a holding queue, whereas the second
corresponds to the variant with blocking. Both policies are costly and problematic,
as they prolong a patient’s LOS and reduce the quality of care [13-15]; personnel
in an alternative unit (or the boarding section of the ED) may be less specialized,
and delaying treatment has been shown to increase mortality. Moreover, ED board-
ing time can reduce the available capacity for treating other ED patients [16, 17],
thereby endangering both the boarded patient and others. While both the number of
personnel (nurses and physicians) and the number of beds impact service dynam-
ics and quality of care, prior research has studied the capacity allocation of these
resources separately. For instance, Green and Yankovic [18] and de Véricourt and
Jennings [9] considered nurse staffing in medical units, while de Bruin et al. [19] con-
sidered bed allocation. The unified model proposed here enables us to capture the
interdependencies between these two decisions and evaluate their combined impact
on off-placement probabilities across the hospital.

Our second example is an ED operating in the US. Yom-Tov and Mandelbaum [7]
demonstrated that the Erlang-R model can be used to determine staffing in an Israeli
ED under both stable and time-varying conditions. They defined the physician as
the server (represented in the needy state), while other medical processes, such as
diagnostic lab tests, were captured using the content state. Nevertheless, empirical
studies report that some countries, including the US, employ a different operational



mode that applies strict restrictions on ED entrance [12]. In a typical US ED, a patient
will not begin treatment until both a bed and a physician are assigned to them. In
other scenarios, access to the ED itself may be blocked—a phenomenon known as
Ambulance Diversion [20]. These entry constraints can stem from physical limita-
tions (such as bed capacity) or managerial policies, such as the imposition of strict
patient-to-physician ratios or ambulance diversion protocols.

A third example comes from the emerging domain of text-based customer service
chat (CSC), which utilizes instant messaging or chat channels. This mode of service
delivery is growing rapidly and increasingly replacing the traditional phone-based
call centers. In a CSC contact center, each agent serves a limited number of customers
in parallel, thereby efficiently utilizing the idle time spent waiting for a customer
to reply. This managerial limitation is known as the agent’s concurrency level and
needs to be optimized [21, 22]. A text-based conversation can be viewed as a reen-
trant process where each reply from the agent constitutes a service iteration that is
repeated several times during the customer’s LOS [8]. The time elapsed while wait-
ing for the customer to respond represents the content state, during which the server
may attend to other concurrent conversations. Finally, similar dynamics appear in
managing Large Language Model (LLM) inference sessions; here, each user session
involves multiple sequential queries bound together, and physical memory limita-
tions impose a limit to the number of concurrent sessions a server may process in
parallel. In both of these examples, the model variant featuring a holding queue
serves as the appropriate framework.

As mentioned, we consider two versions of the finite-capacity constraint, captur-
ing the two most commonly used modes of operation: holding or blocking of new
patients. The first version is called Erlang-R with holding, in which customers wait
for an available space inside the system. The second version is called Erlang-R with
blocking, in which customers who encounter a full system are blocked. Naturally,
intermediate scenarios can be constructed where a certain a proportion of arriving
customers leaves upon finding a full system, while the remainder joins the holding
queue. While this paper focuses on these two extreme cases, straightforward adapta-
tions can accommodate such intermediate scenarios; however, they are omitted here
due to space constraints. These two extreme cases are represent two alternative ways
of implementing the space constraint: blocking is a strict constraint, whereas hold-
ing is a softer constraint that allows customers to wait until the system load reduces.
Moreover, as shown later, the two models are mathematically connected; specifi-
cally, developing approximations for the holding model variant requires utilizing the
mathematical approximations of the strictly constrained blocking variant.

Our main goal is to provide two-fold staffing policies for the restricted Erlang-R
models that ensure high resource utilization, while maintaining good quality-of-
care. This goal relates to the philosophy of the Quality-and-Efficiency-Driven (QED)
regime known in many-server asymptotic theory. We discuss the main ideas behind
this regime further in §2. This is a challenge due to the complex structure of the net-
works. The relatively simple one is the blocking model and the much more complex
one is the holding model. Specifically, the Erlang-R model with blocking possesses a



product-form steady-state solution, while the Erlang-R model with holding is gov-
erned by a Quasi-Birth-Death (QBD) process that lacks such an elegant analytical
solution. Yet, these models are closely related, and we rely on the results of the
blocking variant to develop approximations for the holding variant. Therefore, the
importance of developing these asymptotics goes beyond the practical value of the
simple-to-use formulas; it enables us to better understand system dynamics of both
models and the importance of several modeling issues. Hence, the second part of this
paper is dedicated to answering the following questions: How do space restrictions
influence capacity, utilization, and LOS? What is the difference between strict (block-
ing) and flexible (holding) constraints? How important is it to account for reentrant
customer behavior when determining staffing and space allocation? Finally, can we
identify specific conditions under which considering this behavior becomes more or
less important?

1.1 Summary of results and contributions

In this paper, we first obtain exact product-form and asymptotic results for the
Erlang-R model with blocking (§4.2). Following de Véricourt and Jennings [9], we
employ a two-fold QED staffing policy: s = Ry + /R for the number of servers and
n = Rqy/r + y+/Rq/r for the maximal number of customers in the system, where j
and 1y are operational constants, R = A/ ((1 — p)u) is the offered load of the servers
(defined as the expected number of customers in the needy station in steady state
under infinite-server conditions), and r is the fraction of time a customer spends in
the needy station when infinite servers are available (i.e., ¥ = §/ (6 + pu)). We estab-
lish limiting expressions for performance measures, such as the probability of delay
in the needy station and the probability of blocking, in the form of explicit func-
tions that depend solely on B and +. In deriving these limit results, we leverage the
available product-form solution for the stationary distribution.

Similarly, we pursue QED approximations of performance measures for the
Erlang-R model with holding. However, a direct analytic approach is obstructed by
the absence of a product-form solution. To address this, we provide two solutions
for establishing QED behavior. First, we provide stochastic performance bounds that
stay meaningful in the QED regime (§3.3), demonstrating the non-degenerate behav-
ior of the two-fold scaling in the large-system limit. Second, we develop a heuristic
method that quantifies the difference between the scalable holding model and the
blocking model (§4.3). This method is based on the novel fixed-point approach: cus-
tomers blocked in the blocking model are seen as if they reattempt to get access after
some delay. The behavior of this retrial model then resembles the Erlang-R model
with blocking without retrials, albeit with an inflated arrival rate that emerges as
the solution to a fixed-point equation. Using our results on the asymptotic behavior
of the blocking model in the QED regime, we then obtain approximate QED per-
formance measures for the holding model. This approach suggests that the results
of the more tractable semi-open queueing network can serve as a foundation for
developing approximations—rather than just bounds—for the non-tractable one.
Finally, we leverage these QED results to develop algorithms for dimensioning and
time-varying staffing (§5.1).



The above-mentioned approximations provide an efficient, flexible, and easy-
to-implement methodology to jointly determine resource allocation of both servers
(personnel) and spaces (beds) in a way that avoids waste, ensuring both resources
operate in the QED regime.

Using the approximations developed, numerical analysis, and simulation, we
provide the following operational implications:

* We show that applying restrictions on the number of customers in the system
while allowing a holding queue may increase the instability region compared
to the Erlang-R model. Therefore, higher capacity is needed when such flexible
restrictions are applied. Alternatively, applying strict restrictions in which cus-
tomers are blocked ensures the system is always stable under all parameters, ,
making it viable for situations with lower capacity.

* Extending the line of inquiry in Yom-Tov and Mandelbaum [7], we examine the
importance of explicitly modeling returning customer dynamics. We conclude
that modeling reentrant behavior is significantly more critical in a restricted
Erlang-R network than in an unrestricted one. In the unrestricted Erlang-R
model, returning customers need to be accounted for only in time-varying
environments and mostly when arrival rate changes substantially during a cus-
tomer’s LOS [7]. In contrast, the restricted Erlang-R model requires explicit
consideration of reentering customers under stationary conditions as well.

* We show that the influence of the network structure on the system dynamics
crucially depends on the fraction of time a customer spends being needy state
during their stay in the system. We then explore how this fraction (r) influences
operational decisions.

* Combining our theoretical results, we explore the implications of managerial
decisions when designing an MU (§5) and an ED (§6.4). In §5, we show that
enabling patients to wait in an ED (a holding queue) before entering the MU
(the reentrant system) necessitates greater resource allocation both in the MU
and the ED. This comes from the fact that holding (as opposed to blocking)
allows a higher throughput in the MU but also requires the patients to consume
care resources while waiting in the ED. In Section 6.4, we compare the pros and
cons of imposing strict constraints on entering an ED. We find that capacity
restrictions have the ability to improve the quality-of-service of the processes
within the facility at the expense of a slight increase in holding times and server
efficiency.

* Finally, we show that restricting the number of admitted customers protects
those customers with complicated service demands consisting of relatively high
number of reentrant service stages (§6.3).

When dealing with time-varying arrival rate (A(t)), modifications to the sta-
tionary QED staffing rules are required to obtain stable performance over time. To
address this, we transform our two-fold staffing policy into a time-varying policy
using the Modified Offered Load (MOL) method (§6.4). This method approximates
the time-dependent offered load at the needy station by analyzing a corresponding



system operating with ample resources. Recognizing that the this infinite-server sys-
tem coincides with the Erlang-R model with infinite servers, we adopt the modified
offered load approximations given in [7]. Our numerical experiments validate the
accuracy of this approach, which we subsequently apply in our case study §6.4.

2 Literature review

Capacity Allocation in Healthcare Systems. Due to the increasing demand of an
aging population, tightening healthcare budgets, and rising turnover within the
medical workforce, there is a growing need for efficient workforce management [23].
Personnel (nurse and physician) expenditure is one of the largest drivers of hospital
costs [23], and inadequate nursing levels have been identified as a significant factor
in medical errors and ED overcrowding. To establish appropriate nursing staffing
levels, a policy must asses a wide range of variables, such as varying clinical expertise
and patient acuity during the day. Traditional methods, such as the fixed nurse-to-
patient ratios, fail to capture these dynamic conditions and are often too inflexible
[6]. This highlights the need for time-varying staffing policies that can accommodate
the complex and evolving nature of healthcare delivery [24]. Workforce management
in healthcare systems has been studied extensively; see [24-29] for overviews. In
recent years it has become apparent that queueing models are highly effective tools
for developing staffing and routing recommendations, not just for large-scale service
systems but also for the smaller, highly complex healthcare units [29].

The first to adopt this type of queueing-model approach were Green and Savin
[30], who used the stationary, single-station Erlang-C model to set staffing levels in
EDs and panel sizes for clinics. Using a similar approach, Bekker and de Bruin [31]
applied the Erlang-B model to determine bed allocations for medical wards. The first
to observe the significant impact of repeating services in a healthcare setting were
de Véricourt and Jennings [9]. Motivated by the need to set nurse-to-patient ratios
for MUs, they considered a closed queueing system with s nurses and #n beds, which
we will refer to as the closed ward membership model. This model is conceptually
an Erlang-C model under the additional restriction that a finite, fixed population
of n patients requires care. In their model, all beds are continuously occupied, and
patients alternate between two phases: a needy phase, where patients require atten-
tion from a nurse, and a content phase, where they recover independently (see Figure
1a). The system dynamics of our restricted Erlang-R model are equivalent to those of
the closed ward model if the holding queue were never empty.

Campello et al. [32] analyzed the concurrency decision in healthcare opera-
tions, referred to as ED case management, which determines the maximal number
of patients a physician should manage in parallel. Using queueing networks, they
analyzed the system stationary distribution. Note that in practice, such operational
decisions are shaped not only by performance metrics like waiting times but also by
psychological and cognitive constraints that limit a physician’s capability to multi-
task. Empirically, Diwas [10] demonstrated that clinical performance degrades when
physicians treat more than 6-7 patients simultaneously. Consequently, many hospi-
tals in the US restrict entrance to the EDs when physicians are overloaded, even if



physical beds are available. Similar findings show the need of limiting concurrency
levels in text-based contact centers as well [11]. We too consider such constraints, and
analyze their impact on performance. However, we take a different approach than
Campello et al. [32]; instead of numerically analyzing steady-state distributions and
system bounds, we develop many-server approximations that produce insight into
the system dynamics, and can be incorporated into time-varying staffing procedures
(see §6.4).

The model in [6] was developed to capture the internal dynamics of an MU. How-
ever, in an ED, beds are not constantly occupied, and the utilization levels depend on
the time-varying flow of patients arriving from outside the system. To account for the
transient nature of the patient arrival process while capturing these multi-stage ser-
vice dynamics, Yom-Tov and Mandelbaum [7] introduced the Erlang-R model (see
Figure 1b). Using a simulator tailored to an Israeli ED, they demonstrated that the
complicated small ED dynamics can be captured using the relatively simple Erlang-R
model, and hence, its recommendations can be implemented in ED workforce man-
agement. We note, however, that routing decisions within the ED necessitate more
granular models; in particular, those that incorporate patient clinical complexity and
severity alongside re-entrant dynamics [2, 33, 34]. Although the feature of multi-
ple services is present in many systems ( e.g. in CSC), it is particularly important
for modeling EDs, because the duration of the needy state is typically much longer
than the time a patient requires from medical personnel [7]. In contrast, Tezcan and
Zhang [35] and Luo and Zhang [21] analyzed staffing for CSC omitting the reentering
effect entirely. This capacity to capture lengthy, intermittent service cycles explains
why the Erlang-R model is considered a canonical framework for healthcare sys-
tems [28, 29, 36]. The restricted Erlang-R model with holding or blocking proposed
here directly extends the classical Erlang-R model by incorporating finite capacity
constraints which, much like reentering services, exert a decisive impact on system
performance.

Quality-and-Efficiency-Driven regime. The Quality-and-Efficiency driven (QED)
regime for many-server systems, also known as the Halfin-Whitt regime, adheres to
a square-root staffing rule, which is best explained for the classical Erlang-C model.
This system can be completely characterized by the staffing level s and the offered
load R = A/p, which represents the average workload pressure per time unit on the
system. Moreover, let p = R/s denote the server utilization level. In the QED regime
[37, 38], the server utilization level is driven to unity according to (1 — p)+/s — B as
s — oo, for some fixed parameter > 0. This gives rise to the square-root dimension-
ing rule s = R + Bv/R, which prescribes that the number of servers s should exceed
the minimally required offered load R, but only by a relatively small amount 8v/R.
As s grows large, the probability of delay converges to a non-degenerate function that
depends uniquely on the parameter B. This function is strictly decreasing in § > 0
with a range of (0,1). Consequently, any targeted delay probability can be achieved
by adjusting B. Moreover, the mean delay is of order 1/+/s and is hence asymptot-
ically negligible. This type of asymptotic approximation is extensively used in the
analysis of service and computer systems. It has been successfully implemented in



single-station queues [39, 40], multi-station networks [9], and non-Markovian queues
[41]. For a tutorial and review of QED approximations, we refer the reader to [42].

In this paper, we take the same approach but jointly determine the capacities
for both servers (nurses) and places (beds) such that the probability of waiting for
a server in the needy station (denoted the probability of delay) and the probability
of waiting for a space in the system (bed) (denoted the probability of holding) are
non-degenerate. Moreover, the utilization levels of both servers and spaces converge
to unity as the system size approaches infinity. While the QED regime gives precise
mathematical limits as the system size (s and 7 in our case) goes to infinity, it is
well established that this asymptotic behavior manifests rapidly. As a result, QED
limits serve as sharp approximations even for smaller, finite-capacity systems. For
theoretical support regarding this rapid convergence, we refer the reader to [43-45].

Some might question the relevance of the QED regime in some of the motivating
examples we propose. The QED regime is natural for MUs and CSCs, where ser-
vice times are an order of magnitude longer than waiting times (days vs. hours in
MUs and minutes vs. seconds in CSCs). However, its applicability is less obvious for
EDs, where waiting times can be substantial. Nonetheless, QED approximations are
well known to be very robust, covering accurately both the Quality Driven and the
Efficiency Driven regimes. Therefore, they are extremely useful when considering
staffing for systems that transition between these regimes throughout the day, as an
ED state tends to do.

One heuristic approach to developing approximations for the performance mea-
sures of queueing systems with finite-capacity constraints under the QED regime
involves the use of fixed-point equations. This methodology was suggested by
van Leeuwaarden et al. [46] and van Leeuwaarden et al. [47] and successfully
implemented for Erlang-A model and retrial queues [40]. This approach charac-
terizes the asymptotic dynamics of analytically intractable, finite-capacity systems
through more tractable ones. We adopt this approach and extend it to develop the
approximations for our queueing network in the holding setting in §4.3.

3 Models and performance measures

3.1 Three-dimensional Markov process

The restricted Erlang-R model assumes that the arrival process is Poisson, and that
service and content times are independent and exponential. Hence, the system can
be characterized in terms of a Markov process. Let Q(t) = (H(t),Q1(t), Qa2(t))
represent the number of patients in the holding, needy and content state at time t,
respectively. In both variants, n is the maximal number of customers admitted to
the system; we have Q(t) + Qa(#) < n for all + > 0. Due to the absence of hold-
ing patients in the Erlang-R model with blocking, H(t) = 0 is enforced in this
case, whereas H(t) has unbounded support in the model with holding. This distinc-
tion requires us to explore the stationary distribution of the two variants separately.
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Before doing so, we introduce some additional notation. We define
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where R; and R; are the offered load at the needy and content stations, respectively.
They are obtained by solving the balance equations of the network to quantify the
effective steady-state arrival to each station and multiplying with the expected ser-
vice time [7]. They can be interpreted as the offered workload brought towards each
station or as the average number of people in the station when no restriction on
capacity exist (i.e., s and n are infinite) [48]. Furthermore, we define
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which is the fraction of time a customer spends in the needy state if ample capacity
is available (i.e., without waiting).

3.1.1 The Erlang-R with blocking
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Fig.3 The Erlang-R with blocking, viewed as a closed Jackson network.

In the blocking variant (Figure 2b), Q(f) reduces to a finite-state Markov process
Q(t) = (Q1(t), Qa(t)), where Qq(t) + Q2(t) < n forall £ > 0. In fact, this is equiv-
alent to the closed Jackson network depicted in Figure 3 with finite population 7.
Station 1 is an M/M/s queue with service rate y, modeling the number of needy
customers, Q1 (). Station 2 models the number of content customers, Q,(#), and can
therefore be represented as an infinite-server queue with service rate 5. A customer
can enter the system only if Q;(t) + Q(t) < n. Station 0—a single-server queue—
moderates this as it only produces output at rate A when its queue length is positive,
ie ifn—Qq(t) — Qa(t) > 0.

Observe that because customers finding a full network are blocked, the number
of customers in the system cannot grow beyond 7. Hence, the system is stable for

11



all parameter settings, and a steady-state distribution exists. Moreover, the simplifi-
cation of the model with blocking allows us to express the steady-state distribution
of the system in explicit product-form [49, 50]. Let 71,(j, k) denote the steady-state
probabilities of having j needy and k content customers in the system. Then,

1 1 .pl. pk i
NO@H~R1~R2, ifj+k<mn,
0, else,

ﬂh(j, k) = { 3)

where

) i, ifj <s,
)= {] /
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3.1.2 The Erlang-R with holding

The Erlang-R with holding variant does not lead to a Jackson network with an ele-
gant product-form solution for the steady-state distribution, because the holding
queue cannot be modeled as a station that is independent from the other queues
in the system. However, we are able to describe the system as a two-dimensional
Markov process without loss of information. To see this, define N := {N(¢t), t > 0}
with N(t) := H(t) + Q1(t) + Qa(t), the total number of customers in the system
(including the holding queue). Using the restriction Q1 (t) + Q»(t) < n together with
the fact that no space (bed) is left vacant if a customer (patient) is waiting in the hold-
ing queue, yields H(t) = (N(t) —n)", t > 0, where (-)* := max{0, -}. For the same
reason, Qx> (f) = N(#) — Q1 (¢¥) if H(t) = 0, and Qy(#) = n — Q1 (#) otherwise. In other
words,
Q2(t) = min{N(t),n} - Ql(t)/ t>0.

Therefore, we can express the state of all three queues in the Erlang-R with holding
model using a two-dimensional Markov process X := {X(t), t > 0}, where X(t) :=
(N(t),Q1(t)). The process X lives on the semi-infinite strip

X(t)e{(ij)]j<min{i,n},i e No,je{0,1,...,n}},

and belongs to the class of Quasi-Birth-Death (QBD) processes. The reader is referred
to Appendix A for a detailed description of this process, in terms of its transition
diagram and generator matrix.

In contrast with the model with blocking, the system with holding can become
unstable if the capacity is insufficient to satisfy customer demand.

Proposition 1 The Erlang-R model with holding is stable if and only if

. i X ) i
A Lot () T (s ()
(1—p)ps < w5\ il PN =: Pmax (8, ).
o) (&) + o (s (&)
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The proof is given in Appendix A.2 and follows from the general theory for QBD
processes.

Observe that pmax (s, 1) poses an upper bound on the occupancy level of the
servers in the holding model, which is clearly smaller than 1 for all s and #. In addi-
tion, this implies that the maximum workload Rmax (s, 71) := s - pmax (s, 1) the system
is able to handle is strictly less than s. If we compare this to the open Erlang-R model,
in which the maximal attainable workload equals s, we observe the effect of finite-
size constraints on operational performance. A system with space restrictions and
holding has a larger instability region than a system without holding, and therefore,
can handle lower maximal workload. Therefore, it requires a higher capacity to avoid
instability. Intuitively, this happens because the agent may be idle while customers
wait in the holding queue, which reduces the agent utilization. On the other hand,
we will show next that a holding queue allows for a higher effective volume to be
served compared to the blocking option. Figure 4 shows the influence of both s and n

20

20

-e-n=20 =

——n =40 +S:‘1)0
_ s =
— s=20

10

Rinax(s,n)

0 5 10 15 20 0 20 40 60 80 100
s n

(a) Rmax as a function of s (b) Rmax as a function of n

Fig. 4 The maximum achievable workload in the restricted Erlang-R model with holding for » = 0.25.

on the maximum feasible workload in case r = 0.25 (the fraction of needy time, from
Eq. (2)). From these graphs, note that if s < 711, Rmax grows almost linearly with s.
Furthermore, Rmax (s, 1) is increasing in n for fixed s. A logical practical consequence
is that a larger number of space (beds) allows for a larger customer volume to enter
the system with the same number of servers. Moreover, Rmax(s,n) is increasing in s,
but as in Figure 4a, adding an extra server does not increase the stability region if
is too tight. Conversely, adding extra space (bed) does not increase Rmax (s, ) if the
number of servers (nurses) does not allow for an increase in offered load, see Figure
4b. Additionally, it is easily verified that Rmax(s, 1) is upper bounded by both s and
Rmax(n,n) = rn. Therefore, a careful balance is called for between servers (nurses)
and spaces (beds), so that resources will be efficiently utilized. We observe that when
the ratio s/n ~ r, the system is better balanced. We will propose an appropriate bal-
ance between resources by defining a joined QED capacity recommendation for both
servers and spaces in §4.
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Provided that the system is stable, the stationary distribution of the QBD process
X can be obtained numerically by the matrix geometric method [51]. Subsequently,
we can derive the stationary distribution of the original Q(#), denoted by 7, (-, -, -).

3.2 Performance measures

In this work, we concentrate on five performance measures that are central to our
analysis. In the definitions that follow, we present expressions for these measures in
terms of a general three-dimensional measure 7r, which one can replace by either 7
or 11y, depending on the scenario considered. In the remainder of this work, we will
augment the measures related to the Erlang-R model with blocking and holding by
the superscript b and h, respectively'.

As relevant performance measures, we consider the probability of holding (block-
ing) when entering the system (IP(hold) and IP(block), respectively), the probability
of a non-zero delay time at the needy queue (P(delay)), the per visit expected wait-
ing time for a server at the needy station (E[W]), the utilization of a server at the
needy station (p;) and the utilization of spaces (beds) in the system (p;,):

0 n

P(hold) = 2 Z (i, j,n—7j), IP(delay) ~ Z Z Z n(i, j, k), 4)

i=0j=0 i=0j=s k=

ZZZmax{OJ—s—i—l} (i, i, k),

i=0j=sk=0

1 & —
- min{j,stm(i, k), - min{i,n}(i,j, k).
Z())JZ()MZ { s}r(ij k) n;}z{)kz {i,n}re(ij k)

It should be stressed that the above expressions for the delay probability and
the expected waiting time for a server are not exact. For the blocking model one
can use the Arrival Theorem [52], whereby the exact expression uses n — 1 instead
of n; for the holding model, the arrival process to the needy queue, which consists
of both external arrivals and the content customers becoming needy, is not Poisson.
Therefore, we cannot use the PASTA argument for the holding model. However,
for both models, as we will be studying the system as s and n become large, this
approximation error will become negligible.

3.3 Stochastic bounds

Although the two variants of the Erlang-R model differ with respect to the admission
policy, and require different mathematical treatment, we would like to be able to
capture their relative performance. We substantiate the intuition that the holding
room leads to more customers in the system, in the following result.

n line with H(t) = 0, we use 71, (i, j, k) = m,(j, k) if i = 0, with 75, (j, k) as in (3), and 7, (i, j, k) = 0 otherwise, when
considering the model with blocking.
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Proposition 2 Let Q¥, Q5, Q’f, QUi denote the needy and content queue length processes in the Erlang-
R model with blocking and holding, respectively. Let H(0) = 0, Qll’(()) = Q?(O) and Q5(0) = Q4(0).
Forallt > 0,

QY() + Q5(1) st QL (1) + Q4 (1) =t 1,
Q5(1) =t Q3 (1),

QI (1) =st Q1 (1) + H(1),

where X =g Y implies P(X > k) < P(Y > k) forall k > 0.

The proof of Proposition 2 is based on basic coupling arguments and can be found
in Appendix B. Note that as an immediate consequence, we have

P’ (block) = lim P (@b + Q4 = n) < lim P (Qh(H) + Qh(t) = n) = P (hold)

and by similar reasoning o < pl.

Proposition 2 suggests that under similar offered load and capacity constraints,
utilization levels for the servers in the Erlang-R model with blocking are lower
than in the Erlang-R model with holding. Moreover, the total number of waiting
customers in the setting with holding is stochastically larger than in the setting
with blocking, and in the open Erlang-R model. We further discuss the differences
between both models in §5 and §6.

4 Two-fold QED regime

Wasting capacity of either servers or beds without getting a significant advantage in
terms of performance is undesirable. We therefore take an asymptotic approach that
lets the external arrival rate A grow to infinity, while scaling s and 7 accordingly. In
doing so, we intend to establish QED-type behavior, i.e. high occupancy levels of
both servers and places and good quality-of-service.

4.1 Two-fold scaling rule

In order to identify the scaling of s and n as A — oo, we draw inspiration from the
two-fold scaling rule in [9] and [53], which follows the celebrated square-root staffing
principle discussed in §2. This principle suggests that, in the most general setting,
capacity should be equal to the expected offered load entering the system, say R, plus
an additional variability hedge that is proportional to v/R. In the restricted Erlang-
R model, we have two capacity sources, namely s and 7, which experience different
relevant quantities of work.

The offered load the servers in the needy queue experience is given by R, as in
the regular Erlang-R model; it does not change due to the finite-size effects, since
all patients are served eventually. Hence, we only need to account for the reentering
services. It follows that the appropriate staffing rule for the nurses (servers) in the
QED regime remains s = Ry + f+/R; for some constant § > 0.
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To establish the bed (space) capacity level, we need to reflect on the load offered
in relation to the beds. Observe that beds remain occupied both in needy and content
states. This suggests that Rt := Ry + Ry = Ry /r, with Ry and R; as in Eq. (1) and r
the expected fraction of time a patient spends at the nurse station, defined in Eq. (2).
As a result, the appropriate staffing rule is n = Rt + /R for some constant y > 0.
In conclusion, the two-fold QED scaling rule is given by

s = Ry + Bv/Ri +o(vVRy)

5
n="219/% 40o(yR)) ©®)
with B,y > 0 constants, Ry := A/((1 —p)u),and r = /(6 + pu).

Recall that we saw in Figure 4 that resources seem efficiently utilized if s/n =~ r.
Scaling (5) is in line with this reasoning since

s _ B—Vr
. —r<1+\/E +O(1/R1)>.

Remark 1 In [9], a similar scaling regime is considered for the closed ward membership model,
which only relates s and n through a square-root scaling, namely the regime s = rn + §/n,
which is equivalent to the second relation in (5) if ¥ = +/r — yr. Due to the absence of external
arrivals in this closed system, they let the number of beds n approach infinity as opposed to A
in our settings. Nevertheless, this results in the same asymptotic regime.

Before turning to asymptotic expressions for the performance measures con-
cerning the Erlang-R model with blocking/holding, we conduct a few numerical
experiments to confirm that the scaling in (5) indeed leads to the desired QED behav-
ior. In Figure 5 we plotted the sample paths of the three-dimensional queue length
process of the holding model in which 8 and -y are fixed, and R; is increased. Observe
that the needy queue length Q1 (¢), plotted in orange in Figure 5, fluctuates around
the values s, and stabilizes for larger values of R;. This naturally implies that the
server (nurses) utilization approaches 100%, while the number of patients waiting
is O(v/R;). Furthermore, we see that the percentage of occupied beds also tends to
100%, while the holding queue length remains small. The holding queue is of much
smaller order than Rj, which implies that the holding time of a customer becomes
negligible as Ry — co. From these empirical findings we deduce that under scal-
ing (5) the restricted Erlang-R model exhibits QED behavior on two levels: Outside
the facility while waiting for an available bed (space), and inside the facility while
waiting for the attention of a server.

We also check how the Erlang-R model with blocking or holding and the closed
ward model of de Véricourt and Jennings [9] relate under scaling (5). In Figure 6, we
plot the performance measures, obtained through simulation, for the three models
in which we fix = ¢ = 0.5 and vary the arrival rate A. First, we see that IP(delay)
stabilizes as A — oo in all three models under scaling (5), and the delay probability of
the model with holding lies in between the other two. Second, note that the expected
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Fig. 6 Asymptotic behavior of the restricted Erlang-R model with holding and blocking, and the Closed
ward model for y =1,6 =02, p =08and f =y = 0.5.

waiting time for a server in all models converges to 0 as A increases. In fact, the
rate of decay is similar in all three models. We observe that ps; approaches unity in
all three models, and the rate of convergence seems again comparable. Finally, and
most importantly, we notice an ordering between the three models. Namely, in all
performances of the restricted Erlang-R model considered in Figure 6, Erlang-R with
holding appears to be upper bounded by the closed ward and lower bounded by the
Erlang-R with blocking. In a multitude of parameter settings of (B, ), we have seen
the same ordering, leading to the following conjecture:

Conjecture 1 Let Q?(oo), Qi’(oo) and Qf (o) denote the stationary number of needy customers in
the Erlang-R model with blocking, holding and the closed ward, respectively. Then,

Observe that Conjecture 1 poses a stronger statement than the third assertion in
Proposition 2.
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4.2 QED limits for Erlang-R with blocking

We now continue our analysis by examining the limiting behavior under scaling (5).
We first derive QED limits for some performance measures of the Erlang-R model
with blocking. Using the explicit expressions for the blocking model in (3), we derive
the limiting values of the relevant performances of the restricted Erlang-R model
defined in §3.2 in terms of B and 7.

Theorem 1 Let s and n scale as in (5) with —oo < B < 00, ¥ > 0as A — oo. Then, if B # 0,

B[P @ (L) dor) )—1
o) — p(VFE TP 0(w))

g'(B,7) = lim P'(delay) = <1+ ©
- #(p)

f(B,) := lim /Ry - P (block)
_ VIP(1)P(—wy/T) + (/B + 12) e2 D (w)
fﬂ ( t\/) d¢(t)+¢(ﬁ
H*(B,) )= lim /Ry - E[W

P(B)2 (1) +<ﬁ 7 1) PR (307 () — 152 2B

—

@)

=8
=
=
R
+
=
N
)
Nl—=
g
o
—~
S
~

fio ) (%) Ad(t) + ¢(ﬁ)gl><f1) _ ¢(\/ﬁ;+7)e%wzq>(w)

andif B =0,
~1

86(7) = lim P!(delay) = | 1+ ———
VEE = (190 + ()

f(y) = /\lim V/R1 - P! (block) =
—00

, ©)

JPo® (T da(e) + /15 L (@) + 9 (n)

(10)
\/27Tf_ ( e ) t—i—,/ 17<I> )+ o
(11)
where 1 = %, w = \/ﬁi‘[ and ¢ and @ are the PDF and CDF of a standard Normal

distribution, respectively.

The proof of Theorem 1 is provided in Appendix C. This theorem underscores
the favorable performance of the QED regime: the blocking probability vanishes at
a rate of O(1/+/R7), implying that, asymptotically, all patients are admitted to the
system. Meanwhile, the probability of waiting for an available nurse converges to a
non-degenerate limit strictly between (0,1), and even when a patient needs to wait,
their expected waiting time vanishes at order O(1/+/Ry).
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More specifically, Theorem 1 proves that the scaling (5) the probability of delay in
Equations (6) and (9) converges to a limit that is strictly between 0 and 1. Notice that
all limits in Theorem 1 are functions of three parameters: B (the QED slack parameter
associated with server capacity) and < (the QED slack parameter associated with
space capacity), which are decision variables, and the fraction of needy time 7, which
is dictated by the physics of the system. Theorem 1 also shows that the probability
of blocking (Equations (7) and (10)) is of order 1/+/R;. For example, assume that the
fraction of needy time r is 0.5 and the system is large (100 servers). Using Figure 7,
we observe that, by choosing the pair v = 1 and = 0.245, we actually aim at a
probability of getting served at the needy queue immediately to be 40%. At the same
time, the probability of immediately getting a bed is 97%. Thus, our QED policy puts
more emphasis on preventing blocking than waiting.

f(B,7)

(a) Delay probability (b) Scaled blocking probability
Fig.7 Asymptotic delay and scaled blocking probability for » = 0.5 based on Theorem 1.

Theorem 1 further shows that the expected waiting (Equations (8) and (11)) is of
order 1/+/R; too and hence vanishes in the large-system limit. We see from Theorem
1 that achieving target service levels is always an interplay between the slack param-
eters B and 7. Figure 7a shows for instance that in order to keep IP(delay) €
(0.25,0.75), choosing v = —1 requires f to stay within the range [—1.4, —0.5], while
v = 1 corresponds to values of g in [—0.4,0.5].

While the two-fold scaling rule in (5) automatically captures the right dimen-
sioning ratio as the system scales up, Theorem 1 shows that the parameters  and
v provide a means to fine-tune the performance. Figure 7b confirms how adding
servers (nurses), i.e. increasing B does not improve the blocking probability if the
number of spaces (beds), i.e. 7 is too tight. This is in accordance with our previous
observations in Figure 4 for the exact steady-state distribution.

To test the accuracy of the asymptotic results in Theorem 1 as approximations in a
realistic setting, we plot in Figure 8 the exact probability of delay and blocking for an
Erlang-R model with Ry = 8 and r = 0.25, as a function of s. The exact probabilities
are given by Equation (4), and their respective asymptotic approximations are based
on Theorem 1. Despite the realistic moderate size of the system (R; = 8), we see that
the QED approximations are remarkably accurate for many settings (s, n). This fast
relaxation is in line with observations made earlier in the QED literature [37, 43]. In
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Appendix E, we further compare the asymptotic delay and blocking probability in
several scenarios. The numerical results show that g”(8,), f*(B,y) and h? (B, ) pro-
vide accurate approximations to IP(delay), /R1IP(block) and /Ry E[W] in pre-limit
systems. The quality of the approximations increases with R;. Fluctuations occur for
relatively small values of Rj, since s and 7 need to be rounded to an integer.

0.8 1.5
0.6
1 n=24 N
0.4 n=28| \
05— n=32
0.2 —n=236
O —n =40
0 0
0 2 4 6 8 10 12 14 16 0o 2 4 6 8 10 12 14 16
s s
(a) Delay probability (b) Scaled blocking probability

Fig. 8 Comparison of exact performance measures (solid) against asymptotic approximations (dashed)
withp=(s—Ry)/vVRiandy= (n—Ry/r)//Ri/rforA =2, =1,6 =025and p = 0.75.

4.3 QED approximations for Erlang-R with holding

As explained in Section 3.1.2, the model with holding has no product-form steady-
state distribution, which makes it hard (if not impossible) to obtain QED limits.
Instead, we derive QED approximations by exploiting a connection with the block-
ing model. We first prove that under scaling (5), the upper bound on the utilization
level of the severs needed to achieve stability in the model with holding, as given in
Proposition 1, converges to unity as Ry — co. This facilitates high utilization levels
of both nurses and beds, a key characteristic of the QED regime.

Proposition 3 Let s and n scale with Ry — oo as in (5). Then, for A — 00, pmax (s, n) — 1.

The proof can be found in Appendix D.

As observed before, the nature of the two variants of the model is similar except
for the fact that a fraction of the patients is blocked on arrival in the setting with
blocking, whereas all the arriving patients are eventually admitted into the system
in the holding model. This implies that, given s and #, the nurses face an increased
workload in case of a holding mode. In fact, Theorem 1 shows that the blocking
probability is of order 1/+1/Ry, yielding a volume of blocked patients of order \/R; in
the setting with blocking. Accordingly, if R = R; and R denotes the nominal load
arriving to the nurses in the model with blocking and holding, respectively, we can
argue that

R" = R? + aV/RV 4 0(VRY), (12)
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for some & > 0. Notice that this additional load is of the same order as the safety
staffing in the blocking model staffing rule (5). As s and n remain unchanged, we
rewrite (5) in terms of R”,

s=R"+ (B—a)VR! +0(VR"),

h 4
n:§+<7—\ﬁ> ﬁﬂ(@), (13)

where we have used R” = O(R"). Observe that the square-root principle prevails
also after this substitution, albeit with different hedging parameters. We therefore
heuristically argue that the holding model under scaling (5) with parameters p and
v mimics the blocking model with parameters f — « and v — a/+/7, respectively.
Observe, however, that we have not yet specified the value of a. By definition,

aV'RY is the expected volume of customers that would be rejected in the model with
blocking, that is, R times the probability of not being admitted to the system directly.
By the construction in (13), this volume asymptotically equals R" - P’ (block), with
parameters p — a and v — a/+/r, which by Theorem 1 is approximated by

Fo(B—wy—a/Vr) /VRE,

as R grows large. In conclusion, « is characterized as the solution of the fixed-point
equation
a=fr(B—ay—a/Vr), (14)
and as a result, we are able to approximate the delay probability in the holding model
as
P! (delay) ~ g"(p —a, v — a/Vr) = g" (B, 7). (15)

Likewise, the scaled mean waiting time for a server can be approximated by

VRi-EB[W] & B (B —a,y —a//r) = H'(B,7). (16)

Note that (12) implies that the volume of customers that are blocked in the block-
ing system, but successfully retained in the holding system, is of order O(1/Ry).
Because these retained customers are precisely the drivers of congestion within the
holding queue, and since QED fluctuations inherently occur on the /R; scale, the
holding queue length itself is of order O(/R;) as well. Subsequently, we argue that
the expected holding time under the QED policy is O(1/+/R;), and is therefore
asymptotically negligible. We justify this claim numerically in §6.

Remark 2 Notice that in the reasoning leading to (14), we implicitly assumed that the additional
volume a+/R; is an independent Poisson process, which is obviously not the case. Therefore,
(15)—(16) provide approximations for finite systems that are not asymptotically exactas A — co.

The approximation should be viewed as a heuristic fixed-point approximation in the QED
regime, in the spirit of [40, 46, 47]. The key idea is to replace the original analytically intractable
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system by a tractable surrogate whose parameters are determined self-consistently through a
fixed-point equation. We follow the same philosophy here for the holding network.

Nevertheless, the approximation performs well in all numerical experiments reported here
and in Appendix E. Moreover, in all experiments the fixed-point equation (14) admitted a
unique solution for &, although we currently do not have a proof of this property.

In Figure 9, we repeat the numerical experiments of Figure 8 for the model with
holding. Since the heuristic does not provide an approximation for the holding prob-
ability, Figure 9b only plots the simulated holding probabilities. Those are provided
to better understand the implication of operational decisions. Recall that the hold-
ing system is only stable (i.e. P(hold) < 1)if boths > Ry = 8and n > Ry/r = 32.
We nevertheless included the boundary case n = 32 for illustrative purposes. The
graphs in Figure 9 show that the heuristic captures the congestion levels well, even
for this moderate-size system.
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Fig. 9 Comparison of simulated delay probability (solid) against asymptotic approximations (dashed)
withf=(s—Ry)/vVRiandy= (n—Ry/r)/VRy/rforA=2,y=1,6=025and p = 0.75.

We also checked how the performance of the heuristic approximation under dif-
ferent settings, and particularly, when R; — co. In these experiments, we have
compared the approximated delay probability in the Erlang-R model with holding
as a solution of the fixed-point procedure to the outcomes of simulation experiments.
We conclude that the approximation is good. As R; increases, the simulated val-
ues move closer to the heuristic approximation. Extensive numerical experiments
suggest that load is slightly underestimated in the limit. The best results in terms
of accuracy are attained for small r. This suggests that the quality of the heuristic
method improves as r gets smaller. These are exactly the parameter settings for which
this model is relevant.

5 Dimensioning

We will now use the accurate asymptotic approximations of the previous section
to define a procedure that determines resource capacity in the restricted Erlang-R
models. That is, we aim to set the number of servers s and the number of places #n,
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such that a preset performance level is achieved. We take the probability of delay at
the needy queue and the probability of blocking/holding as the target performance
objectives.

5.1 Capacity setting for Erlang-R with blocking

In the setting with blocking, we can readily use the asymptotic results of Theorem 1
to (numerically) find a pair of parameters (B*,7*) to meet the performance require-
ments. For instance, given that we want the delay probability to be at most ¢, we
first solve the equation g¥(B*,7*) = e and then assign s = [R; + p*\/Ry] and
n = [Ry/r+ v*v/R1/r]. Note that there could be multiple solutions to that problem,
i.e. there could be multiple combinations of the number of beds and the number of
nurses that can result in the same value of a single performance level. The system
manager can ultimately decide which of these feasible solutions fits the environment
best, for instance taking into account space and cost constraints.

We illustrate the resource allocation decisions in an MU setting, using data from
two articles: Lundgren and Segesten [54] and Green and Yankovic [18]. Green and
Yankovic describe an MU that has 42 beds, with an average occupancy level of 78%,
and an Average LOS of 4.3 days. Lundgren and Segesten studied nurses’ service
times in a medical-surgical ward. They found that the average service time in their
unit was 15.3 minutes per service, and that the average demand rate for each patient
was 0.38 requests per hour. Therefore, we take an average service time of 15 minutes
and assume that there are 0.4 requests per hour from each patient. Fitting this data
to our model results in the following parameter values: A = 032,y = 4,0 = 04,
p = 0.975 and the fraction of needy time is then approximately » = 0.09. This
yields a nominal offered load of Ry = 3.2 and R;/r = 34.4. Figure 10 visualizes
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Fig. 10 Approximate performance of restricted Erlang-R with blocking for » ~ 0.09 and R; = 3.2, as
functions of p.

the dimensioning procedure for this particular MU. The hospital management can
find a pair of n and s to meet certain criteria, e.g. to achieve target delay proba-
bility ¢ = 0.5 with reasonable blocking probability. Figure 10a indicates that this
target can be achieved by a variety of pairs, for instance (B1,71) = (—0.06,—1),
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(B2,72) = (0.16,0), (B3,v3) = (0.36,1) or (B4, v4) = (0.46,2), among infinitely
many others. From to Figure 10b, the pairs named above lead to blocking proba-
bilities 0.293, 0.165, 0.071 and 0.021, respectively. If the manager decides that the
probability of blocking of more than 10% is not acceptable, this leaves the choices
(B3,7v3) = (0.36,1) or (Bg,v4) = (0.46,2) as candidate parameter pairs. Using the
two-fold square-root staffing rule s; = [Ry + B;v/R1] and n; = [Ry/r+ y/Ry/7],
this yields feasible staffing levels (s3,n3) = (4,40) and (sg,n4) = (5,46). The ulti-
mate decision to apply any of these solutions can be based on external factors, such
as operational costs or space limitations in the unit.

5.2 Capacity setting for Erlang-R with holding

For the holding model, we need a more sophisticated approach, exploiting the
asymptotic approximation with the fixed-point equation in (14). We propose the fol-
lowing dimensioning procedure to achieve a preset target delay probability at the
needy queue.

Algorithm 1 Stationary dimensioning algorithm
Require: Target delay probability €. Parameters A, y#, 6 and p.
1: procedure FINDSTAFFING(s, 1)
A —
2: Set Rl - — m and ri= W
3 Determine parameters (8*,7*) such that g*(8*,7*) = e
& Setp=p+ fO(p, 7" )andy ="+ f(B", 1)/ VT
5: return s = [Ry + B/Ri| andn = Ry /7 + vv/Ry /7]
6: end procedure

Remark 3 In Step 3 of Algorithm 1 infinitely many pairs (B*, v*) satisfy the delay probability
equation. For practical purposes, it is convenient to fix either §* or ¢* beforehand, and then
solve g’ (B*,7*) = e for the remaining unknown. The preset value should however be chosen
with care, since gb (B*,7*) is upper bounded by the Halfin-Whitt delay probability formula
guw(B*) = (14 B*@(B*)/¢(p*)) " . In particular, if ¢ > giw (B*), then no feasible solution
to gP(B*,7*) = e exists. Furthermore, it is evident from Step 4 that the final values (f,y) are
always larger than (8%, v*).

Moreover, we point out that in Step 5, we round the value of s up, while rounding the
value of n down. This is related to the empirical findings of the previous section, in which
we saw that the heuristic slightly underestimates the delay probability. Since increasing n
increases IP(delay), just as reducing s increases P(delay), we hope to diminish this discrep-
ancy. Finally, the adjustments needed to adapt Algorithm 1 to time-varying environments are
given in Section 6.4. Using that procedure stabilize the probability of delay in a similar way to

[7].

We now use the same example as in §5.1 to demonstrate capacity allocation deci-
sions for the model with holding. This can be viewed as the additional capacity
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the MU needs in terms of nurses and beds, in order to account for the fact that
patients are waiting in the ED to be admitted, into the preferred MU, instead of being
blocked and transferred to a less preferred unit. Observe that the holding model
leaves less flexibility for management in choosing system parameters due to stability
constraints. For example, the policy with n = 30 (y = —0.75) is infeasible in the hold-
ing model. For similar reasons, only nurse staffing levels with § > 0,0rs > Ry = 3.2
are feasible.

Targeting a delay probability of 0.5 with n = 40, Figure 11 shows that operating
an MU with holding room requires f = 0.475 or s = 5. Recall that under the blocking
policy, only s = 4 nurses were needed to achieve a delay probability of 0.5. This
example hence shows how the managerial decision to have a holding room, rather
than deferring patients to less preferred medical units, requires additional staffing in
that unit (as well as the ED). This example also shows that the facility with a holding
room is able to treat fewer patients simultaneously than under blocking constraints,
in line with the bounds in §3.3 and Conjecture 1.

1 v
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0.6

0.4

g"(B,7)

0.2

0

0 0.5 1 1.5 2

Fig. 11 Approximate delay probability of restricted Erlang-R system with holding for r = 0.09 and Ry =
3.2.

6 Model analysis and operational implications

In this section, we use the analysis and algorithms developed in earlier sections to
gain insights into the importance of the capacity restrictions and customer returns in
a restricted Erlang-R system by drawing a comparison to related models studied in
the literature.

6.1 The influence of customer returns or the role of r

Here we study how the parameter r affects the service level in the restricted Erlang-R
model with blocking, on the basis of the asymptotic expressions in Theorem 1.

To better understand the connection with the single-station model and the impor-
tance of returns we examine the role of r. Recall the interpretation of r as the fraction
of time a patient is needy during his stay within the system in the idealized sce-
nario with infinite capacity (r € (0,1)). The case r = 1 corresponds to the setting
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wherepatients are needy all the time, in which case customers get service consec-
utively. When r = 1 the infinite-server queue, describing the number of content
patients, disappears from the queueing system and we end up with a standard
loss model—M/M/s/n queue—in which capacity is scaled as s = Ry + /Ry,
n = Ry + vv/R;. This staffing rule only makes sense when < v, since no delay
is experienced if n < s. If indeed v > B, then the asymptotic delay and the scaled
blocking probabilities are given by [55],

1— e B(Y-B) /39—5(7—&)

8(BY) = TP +p2(B)/9p(B)’ folB) = 1o +BO(B)/9(B)

We can see that blocking probability approaches a lower bound function (dash
line) as B increases (Figure 12b). To understand this, observe that as  grows, delays
at the needy queue vanish (Figure 12a). Then the sojourn time of an admitted patient
only consists of a geometric number of needy and content periods with mean (1/u +
p/6)/(1 —p) = 1/ru(1l — p). The blocking model can in this case be modeled as
an M/G/n/n queue, with offered load A/ (ru(1 — p)) = Ry/r, in which the scaled
blocking probability is,

_ (Ry/r)"/n! (7)
/Ry P(block) = \/Em — \/?@,

as Ry — oo, see [56]. This function of 7 is plotted in Figure 12b as the dashed line.
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Fig. 12 Asymptotic performance measures as a function of r in the restricted Erlang-R model with
blocking for y = 1.

We observe that in general the probability of blocking increases with r, regardless
of the capacity constraints on the needy station. We can explain this by observing
that r influences only 7 in the QED staffing rule. When n reduces, more customers
are blocked. Therefore, if customers spend relatively more time in the needy state,
which usually indicates services that have fewer stages (number of returns is lower),
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blocking will increase. Delays, on the other hand, will decrease in such situations—
the minimal delay possible can be achieved if service is aggregated into one round
(r = 1). Returns or interruptions increase delays significantly under QED staffing.

Operational implications

1. Returning customers should be explicitly accounted for in determining staffing
in a system with space constraints both in steady-state and transient conditions.

2. The above becomes more important as the proportion of time spent in the needy
state becomes small, since then the number of customers contributing to the
space constraints increases.

3. As returns become more spread over the patient’s length-of-stay (r decreases),
delay increases and blocking decreases.

6.2 Comparing restricted and unrestricted Erlang-R models

Given the expressions for the asymptotic delay probability in the open Erlang-R
model, and its restricted versions with blocking and holding, we compare the three
policies for various values of B, v and r. Figure 13 plots the delay probability for
blocking (g (B,)), holding (g"(B,)) and Erlang-R (gpw(B)) models, as functions
of v, while keeping f fixed, for three values of r.
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(@r=01 (b)r =0.25 (c)r=205

Fig. 13 Asymptotic delay probability in open Erlang-R (dashed), restricted Erlang-R with blocking (e)
and restricted Erlang-R with holding ((J), as a function of +y.

We make a couple of observations. Notice that

§"(B,7) <&"(B.7) < gaw(B)

for all B,y > 0 and r. In that sense, the holding model is an interpolation between the
blocking and the open model. As expected, the delay probabilities in the restricted
models converge to those of the open Erlang-R model, because increasing v is tan-
tamount to lifting the stringent constraints on the system size. Note that the rate of
convergence is fast—one can provide probability of delay close to that of the open
model with small values of v. Indeed it is important to note that when using QED
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staffing not much of the excessive delay results from the space restriction. Also, we
observe that the difference between delay probabilities increases with r. Hence, tak-
ing into account the re-entrant structure of the network is most important if r << 1
and more so if applying blocking (compared to the holding policy).

6.3 The impact of customer complexity

We next reflect on the impact of operational capacity decisions on different cus-
tomer populations. We measure patient’s complexity by the number of times he
requires service by the nurse or the physician during her stay. In the ED context,
simple-to-treat patients will need to see the physician once, while complex ones will
need multiple visits. Hence, we divide the patients into complexity groups by the
number of visits in the needy station. Since the number of visits is geometrically dis-
tributed, we have a higher proportion of simple patients than complex ones; that
fits well the healthcare environment. Bayati et al. [17], Schull et al. [57] showed how
low-complexity patients impact complex ones. We suggest here that the re-entrant
structure is part of the cause as complex patients need to wait repeatedly in the
inner queue for servers. In such situations, creating a holding queue may limit that
phenomena.

Figure 14 shows the waiting time in the needy and pre-entering queues, and the
total waiting time, as a function n (number of beds), for each complexity group. Obvi-
ously, the expected waiting time in the pre-entering queue decreases with n, while
the needy waiting time increases. For patients who require a relatively large num-
ber of visits of the physician, in this case more than 6, the total needy wait is the
dominant part of the total waiting time. Therefore, as n grows, the total waiting time
first decreases and then increases. In fact, Figure 14b suggests that there is an opti-
mal number of beds n that minimizes the total wait for each complexity type. Thus,
size restrictions reduce the length-of-stay of patients with complex health conditions
(given that the constraint is not too tight). On the other hand, this figure also shows
that no such n exists for patients who only require little assistance. Hence, there is no
n that improves the sojourn time of all patients in the ED simultaneously. This leaves
the decision to the hospital manager to weigh the importance of patients of different
complexity levels [17, 57].

6.4 Case study: Comparison of operational decisions

We now illustrate how the managerial decision to operate under a specific oper-
ational regime affects ED performance in terms of efficiency and quality-of-care,
through a case study. The practical environment we investigate is the ED of a
moderately-sized hospital, which faces the arrival pattern A(t) plotted in Figure
15a on a typical workday. Other parameters of the model are estimated to be y =
6.67, 6 = 2.18 and p = 0.76, so that r = 0.301. (Parameters were taken from [7]). In
order to set time-varying staffing levels s(t) and n(t), we adopt the modified offered
load (MOL) fluid approximation of the demand process of [58]. This approach ini-
tially presumes infinite capacity to obtain the expected number of customers R(t) in
the queueing system as a function of time. This offered load function then replaces
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Fig.14 Expected waiting times as a function of # given the number of visits N in the Erlang-R model with
holding withA =2 =1,6 =025,p=0.75ands = 9.

the (constant) value of R in the stationary dimensioning scheme under consideration,
in order to determine the adequate number of servers at each point in time. Fol-
lowing this idea in our two-dimensional queueing system, we find the offered load
function for the nurses R1(t) and the offered load function for the beds Ry (#) + R (#)
as the solution of the system of ODEs,

%Rl(t) — A(E) + ORo(F) — uRs (1), (17)

SR (t) = prRa (1) — 5Ra(1),

see Yom-Tov and Mandelbaum [7, Thm. 2] for details. For this case study’s param-
eters, these offered load functions are also plotted in Figure 15a. While the number
of nurses can be adjusted in a relatively flexible manner, the value of n, which
echoes a hard restriction on the ED capacity, is naturally less amenable to fluctua-
tions. The reason is that the maximum ED capacity is to a large extent determined
by its hardware, such as beds and medical equipment. However, the ED manager
might deliberately consider reducing n during quieter periods of the day, e.g. dur-
ing the night, by imposing bed-to-physician constraints. This is done, for example,
when setting a case management constraint [12, 32]. Therefore, we consider the sce-
nario in which both s and n are time-dependent but we do not force a constant case
management quantity, rather let our new methodology recommend an appropriate
time-varying one.

xtick = 0,3,6,9,12,15,18,21,24,

Extrapolating Algorithm 1 to the time-varying case, Step 2 is replaced by calcu-
lating Ry (t) and Ry (t) from Eq. (17) and Step 5 is replaced by

s() = Ru(t) + By/ Ra(t),

n(t) = Ry(t) + Ra(t) + 7/ Ra(t) + Ra(t),
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Fig. 15 Empirical arrival rate and offered load functions in Israeli ED and corresponding capacity
functions.

for some B,y > 0. Since Ry (t) and Ry (t) are given, the QED staffing problem again
reduces to finding the pair (8, 7).

Figure 15b plots the capacity functions for § = 0.5 and ¢y = 0.5, assuming capac-
ity can only be adjusted every 30 minutes. In this case study, we consider three pairs
of parameters (B, 7). For each of the pairs, we investigate (using simulation) the dif-
ferences between the policy with blocking and holding by showing the time-varying
performance indicators.

The simulation results are presented in Figure 16. Figure 16a shows that the MOL
approach for capacity allocation roughly stabilizes the delay probability. Figure 16b
shows that the fraction of patients not entering the ED on arrival in the blocking
model is reasonable for all parameter pairs considered and are ordered according to
. We also see a significant difference comparing between blocking and holding, that
does not replicate itself in needy delays. This suggests an advantage for the holding
policy, although it comes at the “cost” of some holding queues (Figure 17). Observe
also that the holding probability drops in the period 8-13, which is exactly the period
when the system is experiencing peak offered load. Hence, this temporary reduction
is in line with our asymptotic findings that the probability of blocking/holding is

0(1/VRY).
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(a) IP(delay) (b) IP(block) or IP(hold) (c) Nurse-to-patient ratio
Fig. 16 Simulation results for case study. Solid and dashed lines represent time-varying performance in
the blocking and holding model, respectively.
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Finally note that the three parameter settings lead to different nurse-to-patient
ratio levels. Clearly, larger 5 leads to small nurse-to-patient ratios (due do larger
staffing). Figure 16c demonstrates that for (B,v7) = (1,1.5) and (B,7) = (2,1) the
difference between the holding policy and the blocking policy is small. However,
for (B,7v) = (0.1,2) we see a significant increase in the nurse-to-patient ratio during
night hours. This may be due to the tight nurse schedule, that causes the holding
queue to build up just before midnight. This queue then empties later on, causing
an increase in workload per nurse in the period 24-7. To see the direct effect of the
size restriction on the queue lengths, we plotted the mean holding and needy queue
lengths in the holding model as a function of the parameter < in Figure 17.
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Fig.17 Simulated queue length of holding model with different values of -y.

Note that for all ¢ considered, the holding queue length is, as expected, of
a smaller order than the number of patients admitted. Also, the holding queue
length decreases as we increase 7. The needy queue length naturally approaches the
expected queue length in the Erlang-R model as 7 is increased.

7 Conclusions and future research

In this research we developed and analyzed a queueing network with repeated ser-
vices that has capacity restrictions both on service and accessibility. We not only
developed approximations for the performance of the system with a blocking policy,
but also constructed a new innovative way to use those results to approximate per-
formance of the intractable model with holding. Those approximations were based
on a fixed-point analysis, and enabled us to take the first step towards characterizing
the pre-entering queue behavior in the QED regime. In addition, the unified analysis
enabled us to connect the two policies and to deepen the understanding of the practi-
cal application of the two. We showed in two realistic case studies the application of
those two models to a medical unit resource allocation. We discussed the implication
of holding patients both in terms of the range of possible combinations that results
from stability constraints, and in terms of its impact on waiting in the system. Finally,
we showed that the approximations are accurate for a wide range of parameters.
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We point out that the our models could be generalized by incorporating features
that are naturally supported by product-form queueing networks, such as multiple
customer classes with different routing probabilities and classes with a deterministic
number of visits to the needy queue. In fact, this could lead to rigorous analytical
expressions for the setting as considered in §6.3. We believe this is an interesting
avenue for future research.
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Appendix A Description of the QBD process

A1 The QBD process

We consider the QBD process X = {N, Q1 } in stationarity. Let v(i) = min{i,s}u. To
determine the (outgoing) transition rates of the process X we distinguish between
the following cases:

* Transitions from (0,0): There are no patients in the Emergency Department and
thus the only possible occurrence is when a new patient arrives. This results in
a transition to (1, 1) and occurs with rate A.

* Transitions from (i,0),1 < i < n: There are exactly i patients assigned to a bed
of which none are seen by a nurse. Then either one of those patients becomes
needy, or a new patient arrives at the Emergency Department that can immedi-
ately be seen by a nurse. The first results in a transition to (i,1) and occurs at
rate i6, and the second results in a transition to (i + 1, 1) and occurs with rate A.

® Transitions from (i,0),i > n: Again, the only possible transitions arise from either
a newly-arrived patient or a patient assigned to a bed becoming needy. How-
ever, a newly-arrived patient finds all beds occupied and needs to wait. Thus,
with rate A we have a transition to (i 4+ 1,0) and with rate nd a transition to (,1).

* Transitions from (i,i),i < n: In this case all patients assigned to a bed are in
need of service. With rate A a new patient arrives at the Emergency Department.
He joins the (possible) queue to be seen by a nurse immediately, so this results
in a transition to (i +1,i + 1). Moreover, since there are only s < n nurses, a
service completion occurs with rate v(i). With probability p the patient turns
to the holding phase, so in total we still have i patients with one patient less
in queue for a nurse. With probability 1 — p the patient leaves the Emergency
Department, decreasing both N and Q; by one. In other words, with rate pv(i)
we have a transition to (7,7 — 1) and with rate (1 — p)v(i) we have a transition
to(i—1,i—1).
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* Transitions from (n,n): Similar to the previous case, we have a transition to
(n,n — 1) with rate psu and with rate (1 — p)sy we have a transition to (n —
1,n — 1). In this case however, a newly-arrived patient finds all beds occupied,
resulting in a transition to (n + 1, 1) with rate A.

* Transitions from (i,n),i > n: We have a transition to (i + 1,n) with rate A and a
transition to (i,n — 1) with rate psy. In case that a patient leaves the Emergency
Department there are i —n > 0 patients in the holding room waiting for an
available bed. Thus, one of the i — n patients in the holding room is assigned
to the available bed in need of service. That is, with rate (1 — p)sy we have a
transition to (i — 1, n).

* Transitions from (i,j),1 < j < i < n: There are four possible transitions. First,
with rate A there is a new arrival which results in a transition to (i +1,j + 1).
Second, with rate (i — j)é a patient in one of the beds becomes needy, which
results in a transition to (i, j 4+ 1). Third, with rate pv(j) a patient turns to the con-
tent state after service completion, which results in a transition to (i,j — 1). Last,
with rate (1 — p)v(j) a patient leaves the Emergency Department after service
completion, which results in a transition to (i — 1,j — 1).

* Transitions from (n,j),1 < j < n: This case is similar to the previous one. The
only difference arises when a new patient arrives, since all n beds are already
occupied. Thus, with rate A we have a transition to (n + 1, j).

* Transitions from (i,]),i > n,1 < j < n: This case is the previous one, except when
a patient leaves the Emergency Department after service completion. Then one
of the (i — n) patients in the holding room will be assigned to a bed in need of
service. This results in a transition to (i — 1, j) with rate (1 — p)v(j).

The state space can be partitioned according to its levels, where level i corre-
sponds to a total queue length N = i patients. This results in an infinite-sized matrix
consisting of blocks, where each block corresponds to the transition flow from one
level to another. Since the only transitions allowed are within the same level or
between two adjacent levels in a QBD-process, we obtain a tridiagonal block struc-
ture. Each block consists of elements representing the transition rate of one state to
another, and therefore each block is a matrix of size at most (n +1) x (n+1).

For the Erlang-R model with holding this gives the following result. Let P denote
the transition matrix of the process {N(t), Q;(t)}. We have the boundary levels
{1,2,...,n} and P is of the form
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Moreover, the transition rates are given by
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and

Al =
—(A+nd) nd
pu —(A+pu+(n—1)9) (n—1)¢
Sp%l —(/\—i—sy—i—.(n—s)&) (n—s)d
sp# —(A+s.y+(5) )

spu —(A+sp)

A.2 Stability condition

From the general theory of QBD processes [51], it follows that the Markov process
{N(t), Q1(t)} is ergodic (stable) if and only if

TApe < mAge, (A1)

where e is the all-one column vector and 7t = (7, ..., 77,) is the equilibrium distribu-
tion of the Markov process with generator Ay + A; 4+ Ajp. In other words, 7t is such
that

m(Ag+A1+Ay) =0, e=1, (A2)

and

Ag+ A1+ Ay =
—nd né
pu —(pp+ (n—1)6)(n—1)6

spi —(psp+ (n— $)8) (1 — 5)5

psp —(psp+9) 0
psp —psp

Then 7t must satisfy the balance equations

—ndm + pumy =0,
(n —j+1)omj 1 — (pv(j) + (n =)&) + pv(j + 1) 711 = 0,
07y — psumy =0,
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with v(j) = min{j, s}y, and the normalization condition }_}" , 7r; = 1. It is readily

verified that ‘
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mo () 58 (W) ors+1<i<mn

o (S0 () 2 0 ()

satisfies the balance equations and the normalization condition.

= (A3)

with

Proposition 4 The distribution of the closed two-node Jackson network illustrated in Figure 1a is given
by

~ ) i for0<i<
L wh(Gr)  ferosiss (a4)
; NSV
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with
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Proof: We have a two-node closed Jackson network, with probability transition

matrix
_(1-pp
P_< 1 O)'

Let r;(m) denote the rate of service when there are m patients at queue i, so r1(m) =
min{m,s} and ro(m) = m. The throughput vector v = (71,72) € Rq? must satisfy
v = P and we find that v = (p,1) suffices. From the general theory of Jackson
networks, see [59], it follows that the stationary distribution is given by

i = G g1(i)g2(n — i)
with

(12/0)"""
n ra(m)’

s1() = IS, pa(n—i) =

and normalization constant G = Y/ ; g1(i)g2(n — i). Then,

L for0<i<s 1 n/5\"
N 1!]41 - = 7)) = E —
$1(i) {”1“ fors+1<i<mn, g2(n =) (n—i)! (5) (p) ’
slst=Sy

and rewriting the expressions yields (A4).

36



A.3 Stationary distribution

Assuming that the stability condition is satisfied, we can determine the unique
stationary distribution of the Markov process {N(t), Q1(f)}. The vector 77; can be
written as 7, = 7Ty G fori=0,1,..., where G is the minimal nonnegative solution
of the non-linear matrix equation

Ag+GA; +G?*A; = 0. (A5)
The balance equations can be written as
1A+ A1+ 1Ay =0, i=n+1,n+2,..
and using 77,,4; = .G " fori = 0,1, ..., we find that
G (Ag+ GAL +GAy) =0, i=n+1,n+2,..
Moreover, we have the boundary equations

7toBoo + 71 B1p = 0
7t0Bo1 + m1B11 + By =0
7m1B1a + m1 By 4+ B3y =0

7Tn72Bn72n71 + nnlenfl n-1+ ﬂann,1 =0
TTy—1Bu—1n + 7TnBun + my4142 =0,

along with the normalization equation
00 n—1
1=) me=) me+m(I— G) e,
i=0 i=0

where we slightly abuse notation by using e as the all- ones vector of appropriate size.
We note that the matrix G has a spectral radius less than one and therefore (I — G) is
invertible.

These equations provide the tools for finding the equilibrium probabilities.
Although it is hard to solve G analytically from Equation (A5), it is easy to solve
numerically by using the following algorithm (matrix-geometric method). Rewrit-
ing (A5) gives

G=—(Ap+G*Ay ALY,

where A; is invertible, since it is a transient generator matrix. Let

Gri1 = — (Ao + GRA2) ALY,
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starting with Gy = 0. We note that Gy T G as k grows to infinity [51]. Once ||Gx11 —
Gg||2 is below a certain preset threshold, we approximate G by Gy 1.

Appendix B Proof of Proposition 2

First, note that by definition of the Erlang-R model with holding, in which no more
that n patients can be admitted in the ED simultaneously, that Q" (t) + Q4(t) < n =
Q{ (t) + Qé(t) follows directly. Therefore, we only consider the relation between the
states in the blocking and holding variants Erlang-R model.

As noted Section 3.1, the model with holding can be characterized as a three-
dimensional Markov chain X"(t) = (H(t), Q"(t), Q%(t)) in which the components
denote the number of holding, needy and content patients respectively. The Erlang-
R model with blocking similarly admits a Markov process description, but with two
dimensions, namely X’ () = (QY(t), Q}(t)).

We prove the result by constructing a coupling between the Markov processes X"
and X" Let Z(t) := (X(t), R(t)) = (F(1), Q¥ (1), Qh(1), Qh(1), B4 (1) )

We first define the transition rates of this five-dimensional Markov process, which
naturally only depend on the current state of the system. After that we show that
the transition rates relevant to X" (t) and X" (t) coincide with those of either X" (t)
or X?(t), respectively. The latter implies that the marginal transitions of X" (t) and
XP(t) (and X?(t) and X" (t)) are equal, and hence so are their probability distribution
of the Markov processes.

Let Z(t) = (h,q" 4% g%, 45). While defining the reachable states from this state
and associated transition rates, we distinguish four transition types, and further dif-
ferentiate the transition rates depending on the current state.

Arrival. Arrivals to occur in both models simultaneously, but are handled differently
according to the current queue lengths.

1L Ifg" +gf <nand g} +45 <n,
(hqt +1,45,45 +1,45)  withrate A, (B6)

2. ifq’f—i—qg :nandqll’—i-qlz’ <mn,
(h+1,4",q5,45+1,45)  withrate A, (B7)

3. ifqﬁ‘—i—qg < nandq?—i—qg =n,
(h,q" +1,4%,45,45)  withrate A, (B8)

4. ifql +qt =nand gt + 45 =n,

(h+1, qﬁ‘ +1, qg, q?, qg) with rate A, (B9)
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Departure. Basically, we align service completions in the two models, but allow a
completion occurring solely in either of one of the two models, only if the queue
length in this model is strictly larger than in the other one.

1. Ifg" > g5 and h > 0

{ (h=1,q1,q5,q) — 1,q3) withrate (47 \5) (1=~ Py, (B10)
(h—1,91,93,91,93) with rate [(g] A's) — (9] As)|(1—p)p.

2. Ifg" < gtand > 0

{ (h _hll qlf’ qb’21’ qlli - 1’ qg) with rate (‘ﬁb/\ S)(l - i;)ﬂr (Bll)
(h,qt,q5,q8 —1,45)  withrate [(g5 As) — (g} As)](1—p)u.

3. Ifqﬁ’qul’andhzo

{ (0,07 ~1, q’é,qg ~1,q3) withrate (g} As)(1— p)p, (B12)
(0,91 — 1,935,491, 93) with rate [(q] As) — (g7 As)](1 — p)p.

4. Ifqt <gbandh =0

{ (0,47 — 1,45, 4% — 1,q5) with rate (g} As)(1— p)n, (B13)

1
(0,97, q% 42 —1,45)  withrate [(g) As) — (% As)](1— p)p.

Become content The differentiation between transitions is similar to those in the
departure transition type.

L If g} > qf,

{ (h, q’f -1,q5+1, qﬁ’ — 1,45+ 1) with rate (qll’ AS)pi, (B14)
(h,qy — 1,43 +1,47,45) with rate [(q] A's) — (4} As)]pp.
2. If gl < g,
{ (hqt—1,44+1,4° — 1,45 + 1) withrate (4" As)pu, (B15)
(h,q%, 43,47 — 1,q5 +1) with rate [(q] As) — (4} As)]pp.
Become needy
1. If q’f > qg,
{ (h, q’f +1, qg — 1,ql1’ +1, qg —1) with rate qgé, (B16)
(h, g} + 1,05 — 1,47, 43) with rate (73 — 43)9,
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2. Ifgh < g5,
{ (hq! +1,q5 — 1,45 +1,45 — 1) with rate 735, (B17)
(h,q},95,97 +1,q5 — 1) with rate (75 — 43)9,

This set of transitions defines the dynamics of the Markov process Z(t) =
(X"(t), X%(t)). Let us now restrict our attention to the transitions in which (at least
one of the) first three coordinates of Z(t) changes, that is, the marginal transitions of
tpe process X". Let X" (t) = (I, q", q}), then according to the transition scheme above,
X" moves to state

1. If g% + g% < n (and hence necessarily i = 0),

(0, q’f +1, qg) with rate A,
(0, rh -1 qz) with rate (fh As)(L=p)p,
(0, ‘71 1, qz +1) with rate (ql NS)pu,
(0,4" +1,4% — 1) with rate g%4.
2. ifql+qt =nand h =0,
(1, ql,qz) with rate A,
(0, %r%) with rate (’11 As)(1=p)p,
(0,4" -1, qz +1) with rate (q1 NS)pu,
(0,4" +1,4% — 1) with rate g%4.

3. if h > 0 (and hence necessarily qﬁl +ql=n),

(h+1, ql, ‘12) with rate A,

(h -1, qpqz) with rate (q’f As)(1—p)u,
(h, ‘71 1 ‘72 + 1) with rate (q1 NS)pu,

(h,q" + 1,45 — 1) with rate glé.

One can check that these transitions indeed coincide with the transitions in the
original holding model, hence X" (t) 4 xh (t).

Similarly, when the focusing on transitions of Z(t) that are relevant for X’(t),
we deduce the following transition scheme. If X’(t) = (%, 45), then the next move
according to the transitions of Z(t) is

(48 + Lige +q <n},q2) with rate A,

(97~ 1,43) with rate (g A s)(1 - p)p,
(qi -1, q2 +1) with rate (g7 A s)py,

(45 +1,95-1) with rate g56.
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These transition rates clearly coincide with the original Erlang-R model with

blocking, and also hence X’ (t) 4 xh (t). X
Next, we show that under this coupling scheme we have that if H(0) = 0,
Q(0) = Q5(0) and Q}(0) = Q¥(0) then for all t > 0, Z(t) satisfies the hypothesis:

We do so by induction on the next state reached after a transition of the joint
Markov process Z = (X", X?). First of all, Z(0) clearly satisfies (i)-(iii). Next, assume
Z(t7) = (h,q",q%, 4%, 45) satisfies the hypothesis and a transition occurs at t. We show
that under the specified coupling scheme, the state reached after the next transition,
Z(t) must satisfy (i)-(iii) as well. To do so, we differentiate between the four types of
transitions that could occur: arrival, departure, become content and become needy.
Arrival.
Recall that under our coupling scheme an arrival always occurs in both the hold-
ing and blocking model simultaneously, see (B6)—(B9). Furthermore, qé‘ and qg are
unchanged during this transition, rendering (ii) trivial.

By hypothesis g% + g5 < g% + g5, hence the event g% + ¢} < nand g% +¢5 = n,
with resulting state (0,4" + 1,44, 4%, 45), can be excluded from our analysis We check
the conditions for the remaining three cases.

LIFZ(t) = (0,40 +1,4% 45 +1,45), then ¢} + g5 < nand g% + i < n.

(iii) R R .
H=g'+1 < gl +1=0It) = Q)+ A(t).
2.1t Z(t) = (h+ 1,q§‘,qé’,qll’ +1,qg),then qll’ —|—qg < n and qlf +q’; =n.
() + Q1) =gt +a5+1 <n=ql+qs = Ql(t) + Qh(p).

(iii) . R
(i) QY(t) =g5+1 < g +1=0Qk(t) + H(t).
3. 1Z(t) = (h+1,q%,4% 4%, 45), then q% + g5 = g} + 4% = n.

) ) (i . )
() Q5(t) + Q5(t) = qb + g5 < g + g = Qi (t) + QL(p).
) (i) )
(i) Q(t) =g} < gl +h<ql+h+1=H().

Departure. By carefully examining the possible state transitions of Z(t) following
a departure, we list six reachable states. However, by (iii), we have that if h = 0,
then qll’ < qﬁ’, which excludes the state (0, qﬁ’, qg,qll’, qg) in (B13) from the reacha-
bility graph. We check the remaining states for conditions (i)—(iii). Again, during a
departure, g5 and g% are unchanged, so (ii) is automatically satisfied by the induction
hypothesis.
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LIfZ(t)= (h—1,q" 4% ¢" —1,45), thenh > 0.
. . (i) . .
i) QV(H)+Q5(H) =g+ a5 —1 < g +q5 — 1 < g} +q5 = Qi(t) + Qh(t).
. (i) . .
(i) Q¢(t) =g —1 < gl +h—1= QI t)+ H(t).
2. IfZ(t) = (h—1,4",4%,45,45), then h > O and g > 45 (*).
. (i) . .
(8)+ Q5(t) = g5 + g5 < gt + g5 = Qi (1) + Qh(1).
(+) . .
=g <qgl—1<gt+h—1=0"t)+ H(¢).
3. If Z(t) = (h,q", 44,45 — 1,45), then > 0 and g < 4% (*).
. . (i) . .
@) QUt)+Q5(t) = b+ 45— 1 < qb + 45 < g + g4 = QI (t) + Qh(1).
5

() . .
H=qi-1<4q] <q{+h=0Q}(t)+H(H)
4. I Z(t) = (hq" — 1,44, 4% —1,45), then h = 0.

A () A .
@) Q1) +Q3(H) = (gf 1)+ a3 =1 <= (g7 = 1) +45 = Q1) + Q5 ().

A (ifi) A .
(i) Q§(H) =45 -1 < qf —1=Q(t) + H(t).
5.1 Z(t) = (0,4" —1,4%,4%,45), then h = 0 and ¢ > 45 (*).

) ) (i) (i) ) )
1) Q') +05(t) =gt +a5 < (q' —1)+4q5 < (g — 1) + 48 = Ql(t) + Qh(p).
) (%) ) )
(i) QY(t) =qy < g —1=Qli(t)+ H(t).

Content start. On the event of a patient becoming content, it is clear that the sums
Ql(t) + Qli(t) and Q(t) + Q5(t) and H(t) are unaffected. This means that (i) is
directly satisfied by the induction hypothesis. According to (B14)—(B15), three states
can be reached.

LIEZ(t) = (b —1,q8 + 1,4 — 1,45+ 1),
(i) Qb(H) =g} +1 (2 g +1=Qh(t).
(i) Q0 = ¢t —1 < g +h—1 = O4(1) + A0,
2. I Z(t) = (hq} — 1,44 +1,4%,45), then g > g5 (*),
(i) O30 = 4 g < dh+1 = Ol

. (iif) . .
(i) Q¥ =q% < gt +h<ql +1+h=Qkt)+H(H).
3. If Z(t) = (h,q",q4,4% — 1,45+ 1), then g > g and hence by (iii) # > 0. The
latter is only possible if g} + g = n (*),

. () .

(i) Q3(t) =g3+1<n—qi+1=(qf+q3) —q7+1 < g5 = Q}(1).
. (%) . .

(i) Q¢ =gt —1< gl +h—1<q"+h=Q"t)+H®).
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Become needy.

Just as in the event of content start, the sums Q" (t) + Qh(t) and Q}(t) + Q4(t) and
H(t) are unaffected, whereby (i) is directly satisfied by the induction hypothesis. By
(i), we have gi > g5. This excludes the state (h, q’f, qg,ql{ +1,45 — 1) from being
reached, see (B17). We check the remaining to possibilities.

LIEZ(E) = (! + 1,4 — 1,40 + 1,45 — 1).
. (i) .
) Q4(t) =5 —1 < gf —1=Qh(t).

R (1ii) A N
(i) QY(t) =i +1 < i +h+1=Ql(t)+ A(t).
2 1 Z(f) = (hq" + 1,45 — 1,48, 45), then g > g5 (¥).
) (+) .
(i) Q5(t) =g < g5 —1=Q4(t).
(iii)

(i) Q¢()=q5 < gl +h<gl+1+h=0Q!¢t) +H().

Hence, the state reached after any feasible transition under the coupling
scheme satisfies the conditions (i)—(iii). Thus we conclude that the joint process
(H(t), Ql(t), Qh(t), Qb (t), Q5(t)) adheres to (i)-(iii) for all t. Consequently, we have
that (i) implies

P (Qh(t) +Q4(t) = k) =P (Qh() + Qh(t) = k

= Y P (QF(1) +Q4(1) = k, Q1 (1) + Qh(1) = j)
j=0

= Y P (Q() +Qh(t) = kOt (1) + Q) = )
j=k

<y P (Ol + Ok =)

=P (Ql() +Qh(t) = k) = P (Ql() + Q4(H) = k).

The other two orderings follow similarly.

Q?(t) (t) for all t+ > 0. A minimal counter example occurs for s = n = 1. Let Z(0) =
((0,0,0), (0,0)). First, two arrivals occur, such that state ((1,1,0), (1,0)) is reached, followed
by a departure transition, yielding ((0,1,0), (0,0)). Next, the one patient left in the model with
holding system becomes content, so that we obtain ((0,0,1), (0,0)). At this stage, if an arrival
occurs, the arriving patient will be put in the holding queue in the model with holding, and
admitted to nurse queue in the model with blocking. Hence we end up in state ((1,0,1), (1,0)),
in which Q" (t) < Q¥(¢).

Remark 4 Note that under this coupling scheme we cannot get the ordering Q’f(t)(t) >
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Appendix C Proof of Theorem 1 — Performance
measures of Erlang-R with blocking

In this appendix we prove the heavy-traffic approximations of the system-measures
introduced in Theorem 1. As a first stage we present and prove four lemmas.

Lemma 1 Lef the variables A, s and n tend to oo simultaneously and satisfy the QED scaling conditions
in (5) with B # 0. Define By as the expression

€7R 1 n—s—1 1
Bi=—Rj—— Y R R,
s 1—p &I
Then
lim B — 2B
A—r00 1 ‘B ’

Lemma 2 Let the variables A, s and n tend to oo simultaneously and satisfy the QED scaling conditions
in (5) with B # 0. Define By as the expression

7(R1 +Rz) n—s n—s—1 1
e gy

s! 1-p 5 '\ p
Then —
Alirn B, = P+ B7) WE%“’ZCD(W).
—00

Lemma 3 Lef the variables A, s and n tend to oo simultaneously and satisfy the QED scaling conditions
in (5). Define A as the expression

1 .
A=Y i','RllR]Ze_(R1+R2>. (C18)
ijli<s, B
i+j<n—1

Then
B
Ali_r>r;oA = 7OO<I> (;7+(/3—t),/:p> dd(t).

Lemma4 Let the variables A, s and n tend to oo simultaneously and satisfy the QED scaling conditions
in (5) with B = 0. Define B as the expression
1 n—s—1 1 AH*S*jfl .
B=e¢ RitR)ZRis Y SRy Y ol

s!

Then 1
tim B = /2 (i) + o).
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C.1 ProofoflLemmal

By using Stirling’s formula (s! /= V27Ts (%)S> , and the QED assumption that /s(1 —
Rq/s) — B as A — oo, one obtains for B;:

s—R n—s—1 1 s—R 45 n—s—1 1
By ~ ¢ ps£ Z o (Rz)le*RZ N 2 —'Rlze*R2
V2rns B = I V2rng = I
el SP(X,, < 1)
= n—s—
\/E,Bp A
where p = —2~-— and X is a random variable with the Poisson distribution with

(I-p)su’
parameter Ry. When A — oo, Ry — o0 too, since p, and ¢ are fixed. Note that

X, — R ~s—-1-R
]P(XA<n—s—1):lP< A2 NS 2)

VR T VR

Now we need to find the limit for the following fraction % as A — oo using
assumption that v/s(1 — Ry/s) — Bas A — oo.

n—%fs+R1 ’Y\/%‘ﬁle =BT

im PSR - - . (C19)
A—r00 \/Rz A—o0 /&_Rl /&_Rl Vv1—71
T r
T=BVT

Hence, define n = iy Thus, when A — oo, by the Central Limit Theorem
(Normal approximation to Poisson) we have

and due to assumption QED (i) of the lemma we get
P(X) <n—-s—1) = P(N(,1) <y)=d(y), asA — (C20)

where N(0,1) is a standard normal random variable with distribution function ®(-).
It follows thus that

gs(l_P) s es(l_P'an)

ﬁp (1) = Tnﬁq’(’?)‘

31%
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Making use of the expansion Inp = In(1 - (1 —p)) = —(1 —p) — % +o(1-—

0)?, (o — 1) one obtains
ps(1—p—(1-p)— 152) 052

by QED assumption that \/s(1 — Ry/s) — B, it is clear that s(1 — p)?> — B2, when
A — co. This implies
¢(B)® ()

p

where ¢(-) is the standard normal density function, and ®(-) is the standard normal
distribution function. This proves Lemma 1.

lim Bl =
A—r00

C.2 Proof of Lemma 2

Again according to Stirling’s formula, and the QED assumption that "——Ri_Ra

Ve

as A — oo, one obtains for By:

s—R1—Ry n n—s—1 1 R I s(1 Ry n R, n—s—1 1 R 1 Ry
Bp~t P Z(Z):e\[pez y ()e -
AP 2ts B = n\p

¢ s(1— P)*RZ(TP>

V2rp

where p = ( ,and Y, is a random variable with the Poisson distribution with

A
—Ps
parameter 2. Note that

P(Y /\*& —s—1-—

<n-— —1 .

P(Yy<n-—s \/RT \/R—Z
ns——2

NS

Now we need to find the limit for the following fraction as A — oo using

assumption QED (i).
—s— R /R ]
n—s 2+ Ry / _
limip:hm’7 p —limiy\/ﬁ—FM
A—00 Ry A—rc0 Ry A—>00 \/ﬁ
Ve Ve (C21)

—p—Lim PPy =y JPE
=1 = lim /== (1= p) =17 =1/ 7P
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Denote w = 17 — B4/ E. Thus, when A — oo, by the Central Limit Theorem (Normal
approximation to Poisson) we have

Y, - &
( P) = N(0,1)
Ry
p

P(Yy<n—s—1) =>P(N(0,1) <w) =®(w), as A — oo,
where N(0,1) is a standard normal random variable with distribution function ®. It
follows thus that

and

. es(lfp)+R2(l%p) o) es(lp)+R2<1PP>+nlnpq)( )
) R NoTT: p"P(w) = NGTT: w).

Making use of the expansion

_ )2
np=In(1 (1 -p)) = ~(1—p) - L2 o1 )2, (p 1)

and using our assumptions thatas A — o0t p — 1,5 = Ry + /Ry, n = % +
7/ 21, and n — s ~ Ry + 171/Ry, one obtains

S P (= e
(2D a-pr-pvRai-p)
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Therefore,

s(1-p)+Rs (152 ) +nInp o= hOPHE) 1
lim By ~ O] ~ 1]
Yoy,

This proves Lemma 2.

C.3 Proof of Lemma 3

We will find the asymptotic behavior of A by finding its lower and upper bounds.
Let us consider a partition {s;, }},_, of the interval [0, s].

sp=s—ht, h=0,1,...0 sp.1 =0

where T = [ey/R;], € is an arbitrary non-negative real and / is a positive integer.

If A and s tend to infinity and satisfy the QED assumption that %\/%ZRZ —
as A — oo, then £ < £ for A big enough and all the s;, belong to [0,s]; h =0,1,...,£.

Emphasize that the length T of every interval [s,_1,s;] depends on A. The variable
A is given by the formula (C18). Let us consider a lower estimate for A given by the
following sum:

sy n—sp—1

14
1_. 1
A> A= Z Z .—'R’le*RL Z WRlzefRz
h=0i=sp; b = I’
V4 £ 1 .
=Y Y SR P(Ya<n—s,—1) (C22)
h:0i25h+1 2

I
™~

P(spy1 < Xn <sp)P(Yn <n—s, — 1)

=
Il
o

where X, and Y}, are independent Poisson random variables with parameters R; and
Ry, respectively.
If A — oo then Ry — oo, since p and y are fixed. Note that

Sh+1 — R1 Xn — R1 Sy — Rl
P(Sh 1§X SS},):]P( S S .
* ! VvR1 VvR1 vR1

Thus, when A — oo, by the Central Limit Theorem (Normal approximation to
Poisson) we have
X, —R

VR1

= N(0,1).
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Sh_Rl — 1 S—hé’\/Rl—Rl — Lim Rl—‘B\/Rl—]’lG\/R1—R1

Am R T VR Asoo NG =P —he
we obtain:
P(sps1 < Xu < sp) = P(B—he) —P(B—(h+1)e), h=0,.,—1 2)

P(0 < X, <syp) =D(B— le).

Similarly, if A — co then Ry — oo, since p,d and 7y are fixed. Note that

]P(Yngn—sh)—lP<Y”R2 < nshR2>'

VR © VR

Thus, when A — oo, by the Central Limit Theorem (Normal approximation to
Poisson) we have

Yn - R2
= N(0,1).
VR~ NOU
Since
lim n—sy — Ry — lim n—s—he\/Rl — Ry — lim Rz+17\/R2 *hé‘\/Rl — Ry
A—co VRj A—rco Vv Rj A—rco vV Ry
:q—he—'Rl =n—he i,
VR pu
we obtain:

H’(Yngnsh):d><17he,/:ﬂ>,h20,..,€ (C24)

It follows from (C22), (C23), and (C24) that

/-1
/\ILHJOA > hg,)(q)(ﬁ—he) —®(B—(h+1)e))® (r] — he@) +®(B — le)D (17 — Ee@)

(C25)

which is the lower Riemann-Stieltjes sum of the integral

o0 5 p 5
—/0 d><17+x\/;> d(I)(ﬁ—x):/OO@(q—i—(/S—t)\/;) dd(t)  (C26)
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corresponding to the partition {B — he}| _, of the semi axis (—co, B). Similarly, let us
take the upper estimate for A as the following sum:

l sy n=spy1-1

ASAZZZ ZZRI _Rl Z 1R] —Rp
h=0i=sp4q = L
4 Sh
=Yy ¥ fR e RP(Yy <n—spq — 1)
h=0i= 5h+1 !

0
=) P(sp1 < Xu <5)P(Yy <n—sppq — 1)

where X, and Y}, are the same random variable as before. Using the same calculation
that were computed for the upper boundary we obtain

lim A < ézl P(B—he) —P(B—(h+1)e)) P (17 —(h+ 1)€\/Z) + (B — Le)

A—00
(C27)

which is the upper Riemann-Stieltjes sum for the integral (C26). When € — 0 the
boundaries (C25) and (C27) lead to the following equality

. G ) [P Y —t\T
lim A = _ooq><17+(ﬁ—t)\/;> dcp(t)_/_oocp< 1_T)dd>(t)

This proves Lemma 3.

C.4 Proof of Lemma 4

First, we will rewrite Equation (C18):

n—s—1 n—s—j—1

1 ; ; 1 3

—(Ry+R 2 Z —(Ri+R Z

B =e ( 1 z)aRls ] 7R2] o pl =e ( 1 z)aRls . 7R2
j= — —

When § = 0, as A — oo, by the QED assumption that v/s(1 —p) — B, p = 1.
Therefore,

Z pl=n—s—]j
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When § — 0, p — 1 butsstill p # 1, the expression 1_{,::7; can be approximated by

ot .
120" ~i. Thus,

I-p
n—s—j-1
lim pl=n—s—j,
s

which is the same phrase as when p = 1. Hence,

7(R +R ) 1 n—s—1 1 H .
Bre ™1 ZgRls Z <R (n—s—j)
! =
R4R 1 n—s—1 1 . n—s—1 1 . n—s—1 ] )
= ¢~ (Rit 2)51{18 (n—s) Z ~ Ryl — Z =Ry — Z =Ry
! = ! = = !
RAR n—s—1 1 ] n—s—2 1 n—s—2
e~ (Rt 2)—'R Sln=s) ) ke Y, RS =Ry ) =RY
1=0 j=0 J j=0
R AR 1 n—s—1 1 ; n—s—2 1 | n—s—2 1 ;
e~ (Ri+ z);R 1l (n—s) 2 ﬂRz_ Z l'R2 Ry Z l'R2
. =0 - =0 - =
67(R1+R2)*R s (Tl —5— R2) Hfl 1 Rl + Rg_s
! = ! 2T (n—s—1)!
1 L Ry Se ke
~ SR s e ZRL,—R2 2
o ((n s—Ry) l;) Rae™ + (n_s_l)!>
1 n—s—1 1 ! R R?’l*Se—Rz
= —s—R “Rhe Ry 2 — ),
27ts ((n s Re) l;:) e (n—s—1)!
As seen in Equation (C20)
n—s—1 1 )
(n—s—Ry) Y ﬂRze 2 21/ Roy®(7).
I=0 °°

By using Stirling’s formula:

Ry e R (n—s)RySe R (n_g)en—sFe ( R; )

(n—s—l)!: (n—s)! - 2n(n—s) \n-—s

n—s—Ry+(n—s)In (%)

(n—s)e

n— Se(n—s)< ~-% 4In (,f%))
27t(n —s) 2
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By assuming that %\/%Rz — 7 when A — o0

(n—s) <1 - anS +1In (nst>)

T2 n—-s) 2 n-—s 25y/Ry + Ry
1 (VR)T
217\/R2+R2 2

H*S*R]* 2

Therefore, by the QED assumption that TVROR

nz—S( $) (1= 7% +n (52 )) IWC+R2 7
=\/1vR:

:l

K2y
7T
V11V/Ra+ Rap(17) = v/Ragp(1)

Combining the above approximations and the assumption that 8 = 0 and therefore
s = Rj yields

s~}
Q
—_

N
9

’s 1=0

(1v/Ra® () + VRap()) = 2= (1(n) +9())

= R (o) +gn) = ﬁm () + ()

S )+ 9(n).

n—s—1 n—s,—R
1 I —R, R e "2
((n s—Ry) ) pRee 4ty —s—l)

N[ —

i

ﬁ

This proves Lemma 4.

C.5 Approximation of the probability of delay

Proof: By the Arrival theorem for closed networks,

n—=1 m
Py(W > 0) =Py 1(Qi(e0) > 5) = Y Y 7ty (i,m—1i)
m=s j=g
— -1 Z Z 1 Rm—i
=7 s'sl R -2

M=Ss j=g
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m=
Thus,

N}
ox
-
|
VRS
™7
(=) —_
N‘)—‘
=
A
+
=
Ny
_|_
2
1 g
N
—_

A 71
]Pn(W>0):<1+> ,
where

n=1m
1 , ‘
R1+R7_ e (Rit+R2) _ : __RiRM—ie—(Ri+Ra)
2 L it — i1k
— Z —RlR] ~(Ri+Ry)
i jli<s, it
itj<n-1

n—

B=Y 3 :

__Rm—ip—(Ri+Ry)
= e ss‘sl R —i) 2
—j-1
:ni )3 1Rf ~(RitRy)
j=0 i=s S'Sl s
n—s—1n—s—j—1 11 n—s— 11 cn—s—j-1
— + ] —(R1+R2) _ —(R1+R ]
=, | P zlsR (Ri+R2) — Rs (R1+R2) Z ]|R2 Z o
j=0 i=0 j=0 i=0
(C28)
- A _ K
and p = Apon = 5
Then under the QED assumption that \/s(1 —p) — B, —o0 < B < o0, if B # 0 as
A — oo, we can rewrite the right-hand side in the following way
n—s—1 n—s—j -1
1 i1— 51 1 1
_ L s —(Ri+Ry) R P _ L os —(R1+Ry) j
B=gRie Z j!R2 1-p = gfie 21—p Z il
j=0
s —(Ri+Ry) P70 "5 1 '
— aRle 1 2 1

=
S R ]
Y. w(2> =By — B,.
—p j=0 I Y

(C29)
Applying Lemmas 1,2, and 3 if B # 0 we get

P17+ Ber b (w)

B _ 5 _
lim P(W > 0) = ﬁf ( + (B t)\/>) dd(t)
e 47([5)@(17)
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Applying Lemma 3 and 4 when = 0 we get

S (ﬁf)dfb(”

VEE = () + (1)

C.6 Approximation of the expected waiting time

-1

lim P(W > 0) = | 1+
A—r0c0

In this appendix we will prove the approximation for the expected waiting time,
stated in Section 4.2. The exact measure was defined in Section 3.2. For convenience
we state the theorem here again. The first theorem gives the approximation for the
case where 8 # 0.

Theorem 2 Let the variables A, s and n tend to co simultaneously and satisfy the QED scaling
conditions in (5) with B # 0. Then

1_n__ 1 2 w? P(B)2() _ P(B)P(n)
lim VSE[W] = - (3~ 5% — ) VB ) o2 @) 1 25 V2P
e 2 pn2 12 ’
A= M fﬁ (5 + (B — t)y/E) dd(t) + <P(l3)§>('7) _ ‘P(\/ﬁﬂT’l) 79 B (w)
where ¢ = g; = p#, =5 —BvEL

Proof Proof: It follows from (4) that the expectation of the waiting time is given by

E[W]:/() ant ﬁZZﬂf"ll?’n—l(l—S—i—l)
m=s j=g
1n—1m n—1 m
——ZZ (i,m—1i) 1—s+—22nn11m—1
‘umzf Wlsls
1 ol 1
PTZZ 1m—1(1—s)+%lP(W>0):C+D,
where D is given by
1 1 B
D=—PW>0)=———
us us A+ B

and A and B were defined in (C18) and (C28), respectively, and C is given by,

1 "= 1 m
=— T, 1(i,m—1i) (i—s)
SRR EP R
n=1 m Rl Rm i ) 1 Ge_<R1+R2)
f—n I—8) = — ————.
0,;525'51 ’ l)!( ) ps  A+B

We will rewrite G in the following way:

n=1m Ri Rm—i n—s—1n—j-1 pi  pl
G= 1 (i—s) = L "2 ()
m;; slsi=s (m —1i)! = z=Zs slsi—s j!
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B n—z—l n—s—j—1 RiJrs Réi ﬁ n—s—1 n—s—j—li iié
=T = S R T T
Using the formula
M M / 1 — pM+1y/ M+1 _ M
1ol = 1 _ o — _MmP +p P ,
lg P p<l§p> P( 1-p ) 1-—p (1—p)?
we can rewrite G as a sum G = Gy + Gp, where
Ri n—s—1 pn s—j R]
“aTTs ];J A N
and
G Ri; n—s—1 1_‘0;1757]'71 sz
2T =0 (1-p)? it
Therefore,
Rsi n—s—1 pn s—j sz
N _ _ _ 1 £
Rs n—s— n s—j Rj Ri n—s—1 .Pn_s_j Ré
Sl ; —p J'+?,§)]1—97!
ey PR R R s (Ra/p)
1—ps! = j! sl 1—p = j!
C s ) PR (Ra/p)] | RE Ry p"7 MR (Ry/p)]
B l1-pst = 7! stpl-p 5 !
L B pn s Rs n—s— (RZ/P)j _ﬁ 1 Rgfs
(Tl S RZ/P 1) —p S' ];) ]| sl 1—P(7’I—S—1)!
**(Tl*S*Rz/pfl) eR1+Rszi 1 Ri Rgis

where B, was defined in Lemma 2. For G, we have,

1—ps! (n—s—1)V

G = RS Zsl (1-p=1) Ry R p "Ry Ry p ”fl (Ry/p)
2Tt = R =N L ) e B

with B; as in Lemma 1. Note that

R R
n—s—?z—1:Rz—r]«/Rz—?z—1:R2(1—1/P)+17\/R2—1

R
=R2(1 2

+1 —-1=R
)T
for s large, where { = Ry /Ry = §/pyu. Furthermore,
1 Ry R} _n-—s Ri Ry~
1—p sl (n—s—=1) 1—p s (n—s)!

_BVRi
Ry
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H eRitR2 P (Pois(R;) = s) P (Pois(Ry) = 1 —s)

= RZIB‘}‘% RitR2p (Pois(Ry) = s) PP (Pois(Ry) = 1 — s)

= \/RzeRlJrRz V/R{P (Pois(R1) = s) - \/RpIP (Pois(Ry) = 1 —s))

~ VR eR“LRzi (B)p(n),
where we used that v/RIP(Pois(R) = R + xv/R) — ¢(x) as R — co. Hence, we have for G;

e G (37 Ve pre) - VBT o) - o)

Vs ViB
and for G,
%gmﬁm Gy = %ﬁ (pB1 — By) ~ % (pB1 — B2)
. 4>(/5;§(17) _ ¢(\//3;2+ 1) o3¢ @),
as s — oo. In total, this gives
1 (RitRy) 1y lw? p(B)P(n)  ¢(B)p(n)
GG (1 gl g ) o e e o)+ VeB

We can conclude,

—(Ri+R,) —(R1+Ry)
JREW] = YRGS pgy gy 2 VS G L L by g

us A+B us us A+B /s
1.2 ®
1 (% _ }8177 _ ﬁi) o(VB )2 &(w) + ¢(ﬁ>ﬁz () _ ¢(;\%/>§>!§17>
2.2y 1 - 4
" fﬁ D(5+ (B —t)V/E) dd(t) + <P(/5)[;1>(17) _ tP(\/FjBH? ) 03w ®(w)

as s — oo. O

The second theorem gives the approximation for the case where g = 0.

Theorem 3 Let the variables A, s and n tend to co simultaneously and satisfy the QED scaling
conditions in (5) with B = 0. Then

N P+ 1)) + y(n))
}w‘/m[w]_zyx/fnﬂw@( — t/2) d0(t) + /T (@ () + (1))
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Since B = 0, we have p = 1 so that

RS n—s—l"—s—j—l.Rf 1 RS ns-1 ‘ . Rj
:?'1 y ¥ 1,7'225?'1 Y. (n—s—j)n—s—j—1)=2
©oj=0 im0 I = J:
1 RS n—s—1 pl 1 RS n—s—1 ]
— s ) Y s )2 Y 2 (s ))
! 4 =

1 R}
:Es—!l(nfs—l)

1 RS n—s—1 R] ' RS n—s—1 R]
:ES—!l(n—s—l) Z(:) ]—f(n—s—])—is—'l ) ?(n—s—]—l)
] =
1 RS n—s—1 Rj 1RS¢ n—s—1 R] 1 RS n—s—1 Rj
= 1) Y Pes—j) -y dR Y 2(ims—)ta IR ) =2
j=0 ] j=0 j=0 ]
1Ri n—s—1 ]2 1 i n—s—1 Ré
:E?(n—s—Rz—l) Z ]_—.(n—s—])+§j 2 ) i
=0
Here,
R n—s—1 R] R n—s—1 pJ R n—s—2 Rj
e 2 ) —'z(n—s jl)=e " (m—s) ), 'Z—e’ Ry ) —'2
j=0 j=0 =0/
R n—s—1 Jz R Rgfs
=e R (n-s5-Ry) ; & +e 2 (n S)(n—s)'
j=0
=17y/RyP(Pois(Ry) <n—s—1)+ (n—s—1)P(Pois(Ry) =n—s)
=17y/Ro P(Pois(Ry) < n—s) + (Ry — 1)P(Pois(Rp) = n —s)
~ Ry (@ () + (1)) = /& VR (@) + (1)) - (C30)
Furthermore
n—s—1—Ry=1nyRy—1= 5/ 1Ry (C31)

and
n—s—1 Rj

RS
e Rk S—} R, Y, T,Z =&"1/Ry v/R{P(Pois(R;) = s) P(Pois(Ry <n—s—1) (C32)
! = 0

~ VRiZ p(0)D(n). (C33)
Combining (C30)-(C33), we find
e MG 2 /Ry P(Pois(Ry) = ) (19(n) + (1)) + 5 VRap(0)@(1)
1 1
~ 5 IVRL (@) + ¢(n) + 5 8 V/Ri ¢(0) ()
1
= S VRIE9(0) [+ 1)@ (n) + 1)
for Rq large. Hence, we can conclude
_ VRy GeRiRe Ry 1 ehiRg 1
VR E[W] = s ATE + s P(W > 0) ~ R ATE +myp(w>o)
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1 A+ @ ( )+ 719y )]

% ., 7
21 /27 [0 @ (n — t/E)AD(E) + VE (1@ () + ¢(y))
where we used that ¢(0) = 1/+v/27, and 17 = %[

C.7 Approximation of the blocking probability

We prove here the approximations given in Theorem 1 of the probability of blocking. For
convenience we repeat here the relevant theorem.

Theorem 4 Let the variables A, s and n tend to co simultaneously and satisfy the QED scaling
conditions in (5) with B # 0. Then

lim /5P (block) = VIG(D(—wyr) + ¢/ F FReT B(w)
A—r00 ff @ (n+(B—t)VE)dd(t) + ¢(ﬁ);>('7) _ F ®(w)
where nj = \/M and w = \/\7 "Y\/fiL\rf

Proof Proof: It follows from (4) that the probability of blocking is given by

1. 1 _ L 1 ; 1 i 61+ 02
P, = Ry —— Ry —— R RITH) = 2,
n = (Z.Zi! -2 L s Yn—i) 2 ) E+0 -6

=0 i=s+1
where
p - ilRi 1 RI'—ipo—(Ri+Re)
Y ST T
n
_ 1 i1 n—i,—(Ri+Ry)

o Zils'sl sl (n—i) 2 e
7 L pipi ,—(Ri+R
A= Y - RiRje (iR

ijli<s, BT

i+j<n
~ 1 s 1 =51 1 7(R1+R2)
BliERllfp;l'R

_ — 1
~2 _ lRS pn s+1 n—s l & e—(R1+Rz)
st o A I\ p ’

Note that by Lemmas 1,2 and 3

(O]
Algr;oBl = lim B, = W,
2 2
lim By — lim By = SV EB) g,
A—co A—rc0 ‘B

lim A= lim A = ﬁcb +(B-1t) 0 dd(t)
pmA=timA= ) et i ’
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| =

. 1 . 1 s n! . .
Rl Rnfz 7(R1+R2> _ 7(R1+R2) Rl Rnfz
N m—pr2 ¢ m® ig(:)i!(nfi)! 1%

n! Ri \/ R \"*
illm—i)! \R1+ R, Ri+Ry

P(X) = (i,n —1))

51:2

s
i=0

[uny

-

Il
o

- Eei(RﬁRz) (R1+Ry)"

- %ei(RﬁRz) (R1+Ry)"

&

Il
o

=P(Y) =n) iP(XA = (i,n—i)) =P(Yy =n)P(X} <s)
i=0

where X is a random variable with Multinomial distribution with parameters (n, p;, pj),
pi = ﬁ, pj = ﬁ, Y, is a random variable with Poisson distribution with parameter
Ry + Ry, and X}\ is a random variable with Binomial distribution with parameters (1, p;). By
the CLT and the use of (C21)

R R
P(Xl<s) =0 S ) g TMRem Y el
r npi(1—pi) \/nL(l _ R W R R
Ri+R, Ri+Rz Ri+R; Ri+R;
SPYELESCEN Ry s8g Ry st 5) —n
VnR1Rp R, ﬁ Ry \/ﬁ
o R g [Re R nmem N5 e
N Ry, /n B 2\ np % - n %
R PH
Mp(_\/Tl.(,,_ﬁRZ))_@ PR, 1\ _ o [PV T
Ri+R; Rq 1+1]% /1_"_%

(C34)

~ —
I
)

By the normal approximation of the Poisson distribution:

IP(Y)\:TZ)% 1 (P(I/l—(Rl-‘y-Rz))z 1 ¢ ’7\/?4—[% . (C35)
VRi+ Ry VRi + Ry Ve 1+ B\ 14 B

We based on the following equivalences (as A tends to o) to develop Equations (C34) and
(C35):
Ry

Rt e = 2 g =s 0 () =s (14 ) = (14 12)

n—(Ri+Ry)~s+Ry+17y/Ry— (R +Rp) =s+1y/Ry— Ry =s+1v/Ry—s+ B35

S
%'I\/%H‘?ﬁ;

up
n—(Ry+Ry) M5 T8
vRi1+R - up
e Y1+
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Following Equations (C34) and (C35) we get

Ep Hp
& =P(Yy =n)P(X} <s) =~ ! ¢ }7\/7+ﬁ ® !3\/?7’7 )
a1+ 1+ J1+ 42

Now lets find an approximation for 4.

—(Ri+R
ity stsis  (n—i)! sts™ =" (n—1i)!
e et L (2 e et <R)f
sls—s 2 = ' \ Ry sls—s = i'\p
When comparing J; to B, form Equation (C29), we observe that
P
6p = (1—p)By = —=Bs.
2=(1-p)B; Vs 2
Therefore, based on the approximation of By from Lemma 2 we get
/72 1+ B2
lzm)‘*}w§2 = we%wzq)(w)‘
Vs
This proves Theorem 4. g

The next theorem gives the approximation for the case where § = 0.

Theorem 5 Let the variables A, s and n tend to co simultaneously and satisfy the QED scaling

conditions in (5) with B = 0. Define and ¢ = % = ﬁ, then

V() ®(= L) + ()

lim +/sIP(block) = ,
e o ® (= tVE) AR () + 3/ 5L (@) + 9 (1)
where j = Wflﬂf.

Proof Proof: It follows from (4) that the probability of blocking is given by

_ 61+ 6
n A~ + B 7
where
51— . 1Ri 1Rn7i —(R1+R2)
1= LRl
1=
1 1 o1 ;
5y — " Ri n—i ,—(R1+R2)
2 IZ;H slsi—s " L(n—i)l 2 ¢
A=Y %RQRQHRﬁRz)
ijli<s, /"
i+j<n
_ —s+1 n— I
B= lRiirglRée*(RﬁRz) _ lRiﬁn v 1 <&) e~ (Ri+Rs).
st T1—p /51! s! 1-p '\ p
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Note that by Lemmas 3 and 4

- B J
lim A= lim A = P - — | d®
R AT EA= L (’Mﬁ %/;m)d w

B tm B . P L
tim B tim 5= /21 (r01) + 9(0).

In addition, the approximations for 6; and ¢, are the same as the proof of Theorem 4.

1
éﬂﬂﬂo Vséy = \/?‘P(W)

1 U
lim lim /s6; = -t 1.
pr0ATe \/ + 15 (\/1+yp) ( \/1+F5P)

This proves Theorem 5.

g
Appendix D Proof of Proposition 3
Define
S n S
(s,n) Z g ( ) B(s,n) = Z g (Z)szkbk’ C(s,n) = Z (’IZ) pk
= k=s+1"" k=0
where b =6/py =r/(1 —r). Then
_ A(s,n) + B(s,n)
prlsn) = C(s,n)+ B(s,n)’
Proving that pmax (s, ) — 1 as R — oo with s and # as in (5) is equivalent to showing that
B _ C(s,n)—A(s,n) _ (1+0b)7"[C(s,n) — A(s,n)]
1 — pmax(s,n) = Com) T B — (D) "[C(s.n) + BG.1)] — 0. (D36)

First, we rewrite

_rm inn—1r)—(n—-1)r _s—1—(n—1)r B— 1
5T N D) )éq’(m)'

(1+b)"C(s,n) = kgo (Z) (1}’%)’( (1}%))]{
-y (’Z)rkﬂ — )"k =P(Bin(n,r) <s) > @ (f” _ W) .
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Therefore, we have (1 + b)~"[C(s,n) — A(s,n)] — 0as A — oo. For the remaining term,

(14+b) "B(s,n) = (1+b)" Z (’Z) gss’kbk:(ler)*"'i!ss 2 #(2)*"

k=s+1 st S (n—k)!
n! b\" & 1 s\n—k n! nSTl1 gym
_ —n't s (Y 2 _nts—n I
= (1+0) st° (s) k=§+1 (n—k)! (b) Tt mZ::O m! (b)
s np! s s/b . e
(;) gse P(Pois(s/b) <n—s—1),
in which
) Pois(s/b) —s/b n—s—l—s/b> (’y—,B/\ﬁ>
P(P B<n—s—1)=P < S XZPLVTY
(Pis/0) < m—s=1) = P (PR < RS0 i
as A — co. By Stirling’s approximation,
f n’ﬁ s s/b f n Ennein s s/b __ m n E —n+s+s/b
<s) s!Se (s> s ssefsse _<S> Se
- Eem
s s
Since,
m 1Vr—B
— =14 —"- +0(1/Ry),
s =+ \/Rfl + ( / 1)
we find v/n/s =1/1/r + O(1/+/R7) and
TRN® T s/ | my_, .5
log[(s) \/:e }77110{%{5} nt
_ rn 1 rny2 3/2 s m
——”R1‘§)+§(““;)+O““<> +(1-7)
s m\2 n 2 o ('Y\ﬁ*/;)z
= (1-7) =5 (1= o vR) = TR o0/ VR,

as R — oo and hence,

_ Wr—p v =B/
14 b)"B(s, 1) — (444)¢(444f .
(1+) "Blsm) g (T L
Hence, we conclude that the denominator of (D36) converges to a constant value as A grows,
and hence the 1 — pmax(s,n) — 0as A — oo.

Appendix E  Numerical results on accuracy of the
asymptotic approximations

To see how this heuristic approach performs under different settings, and particularly if Ry —
0o, we compare here the approximated delay probability in the Erlang-R model with holding
as solution of the fixed-point procedure to the outcomes of simulation experiments.

In this section, we examine to accuracy of the asymptotic approximations of Theorem 1
and the heuristic method in Section 4.3. We perform our numerical experiments for three case
instances, with parameter settings as in Table 1.
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Table E1 Parameter settings for
numerical experiments

u ¢ 4 r
Casel | 1 010 090 0.10

1

1

Case 2 025 075 025
Case 3 050 050 0.50

E.1 Restricted Erlang-R model with blocking

Table E2 Numerical results and limiting approximation for restricted Erlang-R model with blocking for Case 1

lB:l/')/:l ,321,’}’:2 /S:Z,'y:]
R ]P(d) \/Rl]P(b) \/Rl]E[W] ]P(d) \/Rl]P(b) \/Rl]E[W] ]P(d) \/Rlﬂ)(b) VR]]E[W]
5 | 0.1270 0.0900 0.2283 | 0.1553 0.0212 0.1085 | 0.0237 0.0868 0.0282
10 | 0.1340 0.0910 0.1919 | 0.1628 0.0206 0.1205 | 0.0206 0.0872 0.0188
25 | 0.1981 0.0945 0.1614 | 0.2356 0.0216 0.2145 | 0.0277 0.0876 0.0123
50 | 0.1513 0.0963 0.1588 | 0.1830 0.0205 0.1496 | 0.0185 0.0913 0.0116
100 | 0.1880 0.0956 0.1532 | 0.2231 0.0224 0.2055 | 0.0232 0.0888 0.0103
250 | 0.1797 0.0971 0.1399 | 0.2143 0.0219 0.2057 | 0.0203 0.0905 0.0093
App | 0.1767 0.0981 0.1437 | 0.2108 0.0217 0.1947 | 0.0188 0.0914 0.0084

Table E3 Numerical results and limiting approximation (App) for restricted Erlang-R model with blocking for
Case 2

,321,’)121 ﬁ:l,’y:Z ﬂ:2,')/=l
Ry ]P(d) \/Rl]l)(b) \/Rl]E[W} ]P(d) \/Rl]P(b) \/R]]E[W] ]P(d) \/Rlﬂ)(b) \/Rl]E[W]
5 | 0.0911 0.1538 0.0479 | 0.1431 0.0345 0.0909 | 0.0130 0.1484 0.0044
10 | 0.1010 0.1498 0.0560 | 0.1520 0.0326 0.1025 | 0.0121 0.1432 0.0042
25 | 0.1594 0.1509 0.1058 | 0.2192 0.0405 0.1785 | 0.0182 0.1383 0.0070
50 | 0.1201 0.1506 0.0726 | 0.1697 0.0381 0.1248 | 0.0119 0.1415 0.0043
100 | 0.1514 0.1539 0.1001 | 0.2088 0.0398 0.1704 | 0.0154 0.1413 0.0059
250 | 0.1459 0.1524 0.0957 | 0.2003 0.0397 0.1618 | 0.0136 0.1403 0.0051
App | 0.1429 0.1569 0.0940 | 0.1976 0.0391 0.1617 | 0.0126 0.1445 0.0048
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Table E4 Numerical results and limiting approximation for restricted Erlang-R model with blocking for Case 3

p=1v=1 B=1,vy=2 B=27=1
Ry | Pd) VRPOb) REW] | Pd) RPb) REW | Pd) RPb) REW]
5 | 0.0547 0.1945 0.0221 | 0.1181 0.0604 0.0617 | 0.0034 0.1888 0.0009
10 | 0.0579 0.2158 0.0237 | 0.1325 0.0526 0.0746 | 0.0030 0.2093 0.0008
25 | 0.1113 0.2086 0.0544 | 0.1959 0.0641 0.1311 | 0.0070 0.1937 0.0020
50 | 0.0813 0.2050 0.0363 | 0.1523 0.0562 0.0933 | 0.0043 0.1946 0.0011
100 | 0.1060 0.2146 0.0509 | 0.1873 0.0632 0.1250 | 0.0061 0.1999 0.0017
250 | 0.1006 0.2179 0.0475 | 0.1820 0.0596 0.1214 | 0.0052 0.2037 0.0014
App | 0.1011 0.2185 0.0478 | 0.1792 0.0605 0.1199 | 0.0052 0.2039 0.0014

E.2 Restricted Erlang-R model with holding

Table E5 Simulated and approx. probability of delay in restricted Erlang-R
model with holding for Case 1

=1 v=1 =1 v=2 =2 v=1
Ry P(d) VR{E[W] P(d) VRE[W] P(d) VR{E[W]
5 | 0.1532 0.1031 | 0.1628 0.1216 | 0.0310 0.0121
10 | 0.1622 0.1272 | 0.1697 0.1331 | 0.0267 0.0123
25 | 0.2340 0.2116 | 0.2413 0.2342 | 0.0348 0.0171
50 | 0.1817 0.1468 | 0.1890 0.1678 | 0.0240 0.0108
100 | 0.2199 0.1931 | 0.2304 0.2269 | 0.0293 0.0143
250 | 0.2110 0.1852 | 0.2176 0.2230 | 0.0256 0.0120
App | 0.2076 0.1777 | 0.2187 0.2050 | 0.0229 0.0104

Table E6 Simulated and approx. probability of delay in restricted Erlang-R
model with holding for Case 2

p=1v=1 B=1v=2 B=2v=1
Ry P(d) RE[W] P(d) +R{E[W] P(d) +R{E[W]
5 | 0.1327 0.0740 | 0.1620 0.1096 | 0.0219 0.0079
10 | 0.1446 0.0894 | 0.1683 0.1207 | 0.0199 0.0073
25 | 0.2204 0.1631 | 0.2442 0.2203 | 0.0283 0.0128
50 | 0.1694 0.1122 | 0.1888 0.1507 | 0.0190 0.0078
100 | 0.2098 0.1524 | 0.2322 0.2111 | 0.0244 0.0097
250 | 0.2033 0.1534 | 0.2190 0.1979 | 0.0214 0.0083
App | 0.1840 0.1277 | 0.2109 0.1759 | 0.0169 0.0066
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Table E7 Simulated and approx. probability of delay in restricted Erlang-R
model with holding for Case 3

App 5:1/7:1 ﬁ:l/7:2 .8:2/')/:1
R| Pd) VREW | P(d) REW] | Pd) RE[W]
5 0.0977 0.0413 0.1521 0.0851 0.0072 0.0019
10 | 0.1070 0.0469 | 0.1648 0.1028 | 0.0067 0.0018
25 0.1926 0.1076 | 0.2421 0.1874 | 0.0148 0.0043
50 | 0.1431 0.0727 | 0.1876 0.1342 | 0.0092 0.0025
100 0.1855 0.1012 | 0.2282 0.1714 | 0.0132 0.0038
250 0.1775 0.0963 0.2217 0.1765 0.0114 0.0033
App | 0.1442 0.0711 0.1981 0.1354 | 0.0078 0.0022
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