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Appendix A: Description of the QBD process
A.1. The QBD-process

We consider the QBD-process X = { N, @1} in stationarity. Let v(¢) = min{i, s} 1. To determine the (outgoing)
transition rates of the process X we distinguish between the following cases:
e Transitions from (0,0): There are no patients in the Emergency Department and thus the only possible

occurrence is when a new patient arrives. This results in a transition to (1,1) and occurs with rate A.

e Transitions from (i,0),1 <i < n: There are exactly ¢ patients assigned to a bed of which none are seen
by a nurse. Then either one of those patients becomes needy, or a new patient arrives at the Emergency
Department that can immediately be seen by a nurse. The first results in a transition to (,1) and

occurs at rate id, and the second results in a transition to (i 4+ 1,1) and occurs with rate A.

e Transitions from (i,0),i > n: Again, the only possible transitions arises from either a newly arrived
patient or a patient assigned to a bed becoming needy. However, a newly arrived patient finds all beds
occupied and needs to wait. Thus, with rate A we have a transition to (i 4+ 1,0) and with rate nd a

transition to (,1).

e Transitions from (i,1),% < n: In this case all patients assigned to a bed are in need of service. With rate
A a new patient arrives at the Emergency Department. She joins the (possible) queue to be seen by a
nurse immediately, so this results in a transition to (i 4+ 1,4+ 1). Moreover, since there are only s <n
nurses, a service completion occurs with rate v(¢). With probability p the patient turns to the holding
phase, so in total we still have 7 patients with one patient less in queue for a nurse. With probability
1 — p the patient leaves the Emergency Department, decreasing both N and @ by one. In other words,
with rate pr(i) we have a transition to (i,¢ — 1) and with rate (1 — p)v(i) we have a transition to

(i—1,i—1).
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Figure 1 lllustration of state space and the transitions for the Erlang-R model with holding.
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e Transitions from (n,n): Similar to the previous case, we have a transition to (n,n — 1) with rate psu
and with rate (1 — p)su we have a transition to (n — 1,n — 1). In this case however, a newly arrived

patient finds all beds occupied, resulting in a transition to (n+ 1,n) with rate A.

o Transitions from (i,n),7 > n: We have a transition to (i +1,n) with rate A and a transition to (i,n —1)
with rate psu. In case that a patient leaves the Emergency Department there are ¢ —n > 0 patients in
the holding room waiting for an available bed. Thus, one of the ¢ — n patients in the holding room is
assigned to the available bed in need of service. That is, with rate (1 — p)su we have a transition to
(i—1,n).

e Transitions from (i,7),1 < j <i<mn: There are four possible transitions. First, with rate A there is a
new arrival which results in a transition to (¢ 4+ 1,5 + 1). Second, with rate (i — j)d a patient in one
of the beds becomes needy, which results in a transition to (4,7 + 1). Third, with rate pr(j) a patient
turns to the content state after service completion, which results in a transition to (¢, j — 1). Last, with
rate (1 —p)r(j) a patient leaves the Emergency Department after service completion, which results in
a transition to (1 — 1,5 — 1).

e Transitions from (n,j),1 <j <n: This case is similar to the previous one. The only difference arises
when a new patient arrives, since all n beds are already occupied. Thus, with rate A we have a transition
to (n+1,7).

e Transitions from (i,7),i >n,1 < j <n: This case is the previous one, except when a patient leaves the
Emergency Department after service completion. Then one of the (i —n) patients in the holding room
will be assigned to a bed in need of service. This results in a transition to (i —1,7) with rate (1 —p)v(j).

The state space and transition rates of the Erlang-R model with holding are illustrated in Figure 1.



The state space can be partitioned according to its levels, where level i corresponds to a total queue length
N =i patients. This results in an infinite-sized matrix consisting of blocks, where each block corresponds to
the transition flow from one level to another. Since the only transitions allowed are within the same level or
between two adjacent levels in a QBD-process, we obtain a tridiagonal block structure. Each block consists
of elements representing the transition rate of one state to another, and therefore each block is a matrix of
size at most (n+ 1) x (n+1).

For the Erlang-R model with holding this gives the following result. Let P denote the transition matrix
of the process {N(t),Q1(t)}. We have the boundary levels {1,2,...,n} and P is of the form

Boo Bo
Bio Bi1 B
Bs1 By Bag
P= Bn_1 ,
B, 1, Bn. Ao
A Ay Ao

Ay Ay Ay

where B;; € RW(Hl)X(iH), B, € RW(HD”, B;_1; € R+ and Ay, Ay, Ay € R, DX+ The matrices
of transition rates for the boundary states are given by
0 A

BOOZ(_A); Bi—li: h X . ’ Biifl: (1—p)V(2) .

and
—(A+19) i
ppr —(A+p+(E—-1)5) (i—-1)6

pli—1) —A+u(i—1)+3)
pr(i) —(A+v(i)

Moreover, the transition rates are given by

AO ,AQ )




and

—(A+nd) no
pi —(\+ e (= 1)8) (n—1)3

Ay

o —(At st (n—)8) (n— 5)3

sppp —(A+sp+0) )

spp —(A+sp)

A.2. Stability condition

From the general theory of QBD processes (Neuts 1981) follows that the Markov process {N(t),Q:(t)} is

ergodic (stable) if and only if
wApe < TAse,

(1)

where e is the all one column vector and 7 = (7, ..., 7, ) is the equilibrium distribution of the Markov process

with generator Ay + A; + A,. In other words, 7 is such that
7T(A()+A1+A2):O, 7'1'6217

and

—nd no
pr —(pp+(n—1)5) (n—1)0

A+ A1+ Ay = spp —(psp+ (n—1s)8) (n—s)o0

psp —(psp+96) 0
P —Ppsp

Then 7 must satisfy the balance equations
—ndmo + ppum =0,
(n—j+1)ém;_1 — (pr(j) + (n = j)é)m; +pr(j+ )41 =0,
OMp_1 — pspm, =0,

with v(j) = min{j, s}, and the normalization condition

n

Zmzl.

i=0
It is readily verified that ‘
770(’,’) & for 0<i<s,
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770(’,’);%!!85"' (i) fors+1<i<n
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satisfies the balance equations and the normalization condition.

with

(2)



PROPOSITION 1. The distribution of the closed two-node Jackson network illustrated in Figure 2a is given

by .
fro(?) (ﬁ)l ‘fOI‘OSZ'SS,

ﬁo(r.”);%ss”' (ﬁ) fors+1<i<n

. 1 —1
. */n 5\’ o\ d 5\
w0 G S 086
im0 \! pp i=s+1 v/ s pp
W e have a two-node closed Jackson network, with probability transition matrix

_(l-pp
p_( X O).

Let r;(m) denote the rate of service when there are m patient at queue 4, so r1(m) = min{m, s} and rq(m) =

(4)

with

m. The throughput vector v = (y1,72) € Ry must satisfy v =~P and we find that v = (p,1) suffices. From
the general theory of Jackson networks, see Jackson (1963), it follows that the stationary distribution is
given by

=G g1(i)ga(n — 1)
with

N (m/w)t o (ye/)nTE
910 = 2 ey 92(n =) = i e,

and normalization constant G =", g1(i)g2(n —i). Then,

ilpt
ﬁ for s+1<i<mn,

slsi—s

0= () (2.

and rewriting the expressions yields (4).

, L for 0 <i<s,
9:1(1) =

A.3. Stationary distribution

Assuming that the stability condition is satisfied, we can determine the unique stationary distribution of the
Markov process {N(t),Q1(t)}. The vector m; can be written as m,4; = 7,G* for i =0,1, ..., where G is the

minimal nonnegative solution of the non-linear matrix equation
Ao+ GA; +G*Ay,=0. (5)
The balance equations can be written as
mi 1A+ mAL+ M1 A2=0,i=n+1,n+2,..
and using m,; =7, G for i =0, 1, ..., this find

TG (Ag+ GAL +GA)=0,i=n+1,n+2,...



Moreover, we have the boundary equations

moBoo +m1 B1g =0
ToBo1 +m1B11 + 7B =0

m1 Big + 71 By + 12 B3y =0

7rn72Bn72n71 + ’n—nlenflnfl +7Tann71 =0

’/Tn—an—ln + ﬂ-ann + 7rn+1A2 = 07

along with the normalization equation

0o n—1
1= Zme = Zme—i—wn(l— G) e,
i=0 i=0

where we slightly abuse notation by using e as the all ones vector of appropriate size. We note that the
matrix G has a spectral radius less than one and therefore (I — G) is invertible.

These equations provide the tools for finding the equilibrium probabilities. Although it is hard to solve
G analytically from Equation (5), it is easy to solve numerically by using the following algorithm (matrix-

geometric method). Rewriting (5) gives
G=—(Ag+G*A)A,
where A; is invertible, since it is a transient generator matrix. Let
G =—(Ag+ GRA) ALY,

starting with G, = 0. We note that G, T G as k grows to infinity (Neuts 1981). Once ||G}1 — Gy||2 is below

a certain preset threshold, we approximate G by Gy41.
Appendix B: Proof of Proposition 2

First, note that by definition of the Erlang-R model with holding, in which no more that n patients can be
admitted in the ED simultaneously, that Q% (t) + Q4(t) <n = Q7 (t) + Q3 (¢) follows directly. Therefore, we
only consider the relation between the states in the blocking and holding variants Erlang-R model.

As noted Section 3.1, the model with holding can be characterized as a three-dimensional Markov chain
X" (t) = (H(t),Q%(t),Q4(t)) in which the components denote the number of holding, needy and content
patients respectively. The Erlang-R model with blocking similarly admits a Markov process description, but
with two dimensions, namely X°(t) = (Q%(t), Q4 (¢)).

We prove the result by constructing a coupling between the Markov processes X" and X°. Let Z(t) :=
(Xm0, X0(0)) = (F1(0), Q1 (1), Q4(1), Q1 (1), Q4(1) ).

We first define the transition rates of this five-dimensional Markov process, which naturally only depend
on the current state of the system. After that we show that the transition rates relevant to X”(¢) and X" (t)

coincide with those of either X" (t) or X®(t), respectively. The latter implies that the marginal transitions



of X"(t) and X"(t) (and X"(t) and X"(t)) are equal, and hence so are their probability distribution of the
Markov processes.

Let Z(t) = (h,q%,q%, ¢4, ¢5). While defining the reachable states from this state and associated transition
rates, we distinguish four transition types, and further differentiate the transition rates depending on the

current state.

Arrival. Arrivals to occur in both models simultaneously, but are handled differently according to the current
queue lengths.

L If ¢ + b <n and ¢} + ¢4 <n,

(h.gi +1.q5,q1 +1.q5)  with rate A, (6)

2. if gl +¢h=nand ¢ +¢5 <n,
(h+1,¢", ¢, qb+1,¢5)  with rate ), (7)

3. if ¢+ ¢ <nand ¢+ ¢4 =n,
(h,q" +1,¢%,¢%,¢5)  with rate \, (8)

4. if ¢ + g5 =n and ¢} + ¢4 =n,
(h+1,¢" +1,¢4,4%,45) with rate A, (9)

Departure. Basically, we align service completions in the two models, but allow a completion occurring
solely in either of one of the two models, only if the queue length in this model is strictly larger than in the
other one.

1. If ¢ > ¢} and h >0

(h—1,q1,95,4y — 1,43) with rate (¢y A s)(1—p)u, (10)
(h=1,47,93,47,43)  with rate [(¢7 As) = (q7 A s)](L—p)p.

2. If gt <¢® and h >0

(h‘ - laq?vqgaqll) - 17(];) Wlth rate (Q{L A 8)(1 —p)M, (11)
(h,qt'sa5,q7 —1.q3)  with rate [(¢} As) — (g7 A s)](1—p)p.
3. Ifgh >¢b and h=0

(Ov(ﬁL - 1a qgﬂﬁ - 17 qg) Wlth rate (qll) A S)(l _p)ua (12)
(0,7 —1,45,4%,¢5)  with rate [(¢} As) — (¢} As)](1—p)p.

4. If gt < ¢t and h=0

(Ov(ﬁL - 1a qgﬂﬁ - 17 qg) Wlth rate (q? A S)(]' _p)pﬂ (13)
(0,47, d5,47 —1,¢5)  with rate [(¢} As) — (g} As)](1—p)p.

Become content The differentiation between transitions is similar to those in the departure transition type.
L If ¢ > gy,

(14)

(hoqt — 1,45 +1,47,45) with rate [(q} As) — (g7 A s)]pp.



2. If ¢t < 4qf,
(h.at.dh, ) —1,¢5+1) with rate [(¢} As) — (g} As)]pp.

Become needy

1. If gh > 45,

(h,qt +1,qg8 —1,¢° +1,q5 — 1) with rate ¢56, (16)
(th{b+1’q§71,ql{’qg) with rate (qg*qg)é,

2. If ¢b < ¢&,
(hyqh +1,g% —1,¢% +1,q¢5 — 1) with rate ¢4, (17)
(h,qt,¢h, a8 +1,¢5—1) with rate (g5 —q4)d,

This set of transitions defines the dynamics of the Markov process Z(t) = (X"(t), X®(t)). Let us now
restrict our attention to the transitions in which (at least one of the) first three coordinates of Z(t) changes,
that is, the marginal transitions of the process X". Let X" (t) = (h,q",¢%), then according to the transition
scheme above, X" moves to state

1. If ¢% 4+ ¢4 <n (and hence necessarily h =0),

(0, q1 +1,¢%)  with rate A,

(0, q1 1 q2) with rate (g7 A s)(1—p)u,
( a‘h - 7QQ + 1) Wlth rate (ql /\S)pﬂa
(0,4 +1,¢5 — 1) with rate ¢5o.

2. if ¢? +qh=nand h=0,

(Lay,95) with rate \,

(0,41, q3) with rate (¢ As)(1—p)u,
(0,q7 —1,¢% +1) with rate (¢? A s)pp,
(0,q" +1,¢5 — 1) with rate ¢g44.

3. if h >0 (and hence necessarily ¢! + ¢4 =n),

h+1,q0 q%) with rate A,

(
(h—1 ql’qZ) with rate (¢ As)(1—p)u,
(h, q1 1 q2 +1) with rate (¢ A s)py,
(h,qt +1,g% — 1) with rate ¢2é.

One can check that these transitions indeed coincide with the transitions in the original holding model, hence
X)L X (¢).
Similarly, when the focusing on transitions of Z(t¢) that are relevant for X b(t), we deduce the following

transition scheme. If X?(t) = (¢%,3), then the next move according to the transitions of Z(t) is

(a7 + Ligtrqt<n}»q5) With rate A,

(¢ —1,¢3) with rate (g7 As)(1—p)u,
(a7 —Lgz+1) with rate (qi A s)pu,
(¢ +1,¢5—1) with rate ¢50.

These transition rates clearly coincide with the original Erlang-R model with blocking, and also hence
Xb(t) L X" (¢).

Next, we show that under this coupling scheme we have that if H(0) =0, Q"(0) = Q%(0) and Q"(0) = Q*(0)
then for all ¢ >0, Z(t) satisfies the hypothesis:

(1) Q4(1)+Q5(t) <Qh (1) +Q5(t),



(i) Q4(1) < Q5(t),
(i) Q4(t) <QU(t)+H(1).
We do so by induction on the next state reached after a transition of the joint Markov process Z = (X h X b).
First of all, Z(0) clearly satisfies (i)-(iii). Next, assume Z(t~) = (h,q}, g%, ¢%,¢5) satisfies the hypothesis and
a transition occurs at t. We show that under the specified coupling scheme, the state reached after the next
transition, Z(¢) must satisfy (i)-(iii) as well. To do so, we differentiate between the four types of transitions
that could occur: arrival, departure, become content and become needy.
Arrival.
Recall that under our coupling scheme an arrival always occurs in both the holding and blocking model
simultaneously, see (6)—(9). Furthermore, ¢4 and ¢4 are unchanged during this transition, rendering (ii)
trivial.
By hypothesis ¢} + g5 < ¢t + ¢5, hence the event ¢ + ¢5 <n and ¢ + ¢5 = n, with resulting state (0,q? +
1,¢%,4%,45), can be excluded from our analysis We check the conditions for the remaining three cases.
1 If Z(t) =(0,¢1 +1,¢3,9{ +1,43), then ¢f +¢3 <n and ¢f +¢5 <n.
) @4(1)+Qhtr >7q>1+q2+1(<q1 o +1=QLO) + Q400).
(i) Q4(t) =gt +1 < qf +1=Q1(t) = QL (1) + H(t).
2. If Z(t) = (h+1 qr.qh. ¢4 +1,45), then ¢4 + ¢4 <n and ¢} + ¢4 =n.
(i) Q1)+ ()?q)ﬁrqg +1<n=q}+4¢5 = Q}(t) + Q4 (D).
(i) Q4(t)=¢}+1 < qf +1=Q(t)+ H(?).
3. I Z(t) = (h+1, ql,qg,ql,qg)( )then ay +q§ =qi +Aq£‘ =n.
(i) Q)+ ((2)=q1 +q’2’§q?+qg=6%’f(t)+623(t)-
(iii) Q4(t)=¢¢ < ¢F+h<qg+h+1=H(t).
Departure. By carefully examining the possible state transitions of Z(t) following a departure, we list
six reachable states. However, by (iii), we have that if h = 0, then ¢} < ¢%, which excludes the state
(0,q%,q%,4%,45) in (13) from the reachability graph. We check the remaining states for conditions (i)—(iii).
Again, during a departure, ¢5 and ¢} are unchanged, so (ii) is automatically satisfied by the induction
hypothesis.
=(h—1,¢%q% ¢4 —1,45), then h > 0.
@()—q)1+q2—1(<)q1+q2—1<q1+q2 Qut) + Q4(0)
¢r—1< q1 +h—1—Qh( )+ H(t )'

(

)+

)=

(h—

)+Qg()ZQ1+Q2<Q1+QQ Qh()+Q2()

)=¢} < —1<q+h—1=Qh(t)+ H(¢).
(h,q1,¢3,47 — 1,43), then h >0 and g <q; ().

)+ G50) =i+ 1 <+ < af +af = Q1) + Q)
)= ”—1<q’{<q?+h=Q’f(t)+H(t)~

(h,qt —1,q5,¢5 — l,qg),thenh:O.

) z<t>=<q1—1>+qz—1<2<q?—1>+q;=c?§<t>+@s<t>.
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111)

(i) Q) =gf—1 < g —1=Q4 )+ H(1).
5. If Z(¢ ) (o, {”— 1,q5.41,95), then h =0 and g1 > q; (¥)
() @h0)+ Q30) =ai+45 < (g = 1) +4f = (4} = 1) +af = QF0) + Q40
(i) Q(t)=qy < g —1=Q% 1)+ H(?).
Content start. On the event of a patient becoming content, it is clear that the sums Q’f(t) + Qg(t) and
Qb (t)+Q4(t) and H (t) are unaffected. This means that (i) is directly satisfied by the induction hypothesis.
According to (14)—(15), three states can be reached.
L. IfZ() (h,qt =1 q2+1 ¢ —1 q2+1)7
) i)
(=g -1 < q1+h—1—Qh( H+H(t).
2. If Z(t):(h ar (7)1 ,¢3 + 1,47, q3), then g7 > g7 (%),
) =43 (i)q2<q2+1—622() )
(iii) )=¢ < gr+h<gr+1+h=Qt)+H(1).
3. If Z(t) = (h,qt,qh, ¢t — 1,45+ 1), then ¢} > ¢} and hence by (iii) h > 0. The latter is only possible if
¢ +qz=n (%), "
(i) C?Z(t) =g +1<n—q}+1 Z)(Q’f+q§) —Aqlf+1 = a5 = Q5 ().
(i) Q1) =a1 —1<qi +h—1< ¢ +h=Q(t) + H(t).
Become needy.
Just as in the event of content start, the sums Q7(t) + Q4 (t) and Q%(t) + Q5(t) and H(t) are unaffected,
whereby (i) is directly satisfied by the induction hypothesis. By (ii), we have ¢} > ¢5. This excludes the state
(h,qt,q%, q5 +1,¢5 — 1) from being reached, see (17). We check the remaining to possibilities.
1 If Z(t)=(h,qt + 1,5 — 1,65+ 1,45 — 1).

(#9) X
=q5—1 < g5 —1=0Q%(t).

(i) Q5(t) s
(i) Q4(t)=qt+1 < ¢i+h+1=Qt)+H(t).
2. It Z(t) = (h,q' + 1,45 —1,47,43), then g5 > g5 (*).
) () R
(i) Q5(t)=q5 < gh —1=Qk().

R (3i1) A N
(i) Qi) =¢! < ¢ +h<qy+1+h=Q(t)+H().
Hence, the state reached after any feasible transition under the coupling scheme satisfies the conditions
(i)-(iii). Thus we conclude that the joint process (H(t),Q%(t), QL (t), Qb (t), Q4(t)) adheres to (i)-(iii) for all

t. Consequently, we have that (i) implies

P(Q1(t) +Q5(t) > k) =P (Q1(t) + Q5(t) > k)
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The other two orderings follow similarly.

REMARK 1. Note that under this coupling scheme we cannot get the ordering Q" (t)(t) > Q4 ()(t) for all
t > 0. A minimal counter example occurs for s=n =1. Let Z(0) = ((0,0,0), (0,0)). First, two arrivals occur,
such that state ((1,1,0),(1,0)) is reached, followed by a departure transition, yielding ((0,1,0),(0,0)). Next,
the one patient left in the model with holding system becomes content, so that we obtain ((0,0,1),(0,0)).
At this stage, if an arrival occurs, the arriving patient will be put in the holding queue in the model with
holding, and admitted to nurse queue in the model with blocking. Hence we end up in state ((1,0,1),(1,0)),
in which Q" (t) < Qb (¢).

Appendix C: Proof of Theorem 1 - Performance measures of Erlang-R with
blocking

For convenience we state the theorem here again.

THEOREM 1. Let s and n scale as in (11) with 8,7 >0 as A — co. Then, if 5 #0

B0 0 () de)

9" (B,7) = Alirn P’(delay) = | 1+ id (18)
o $(B)0(n) — S(VFFTP)ez d(w)
b = 1 P _ VIOV P(—wy/T) + ¢(vVBZ+ 1) e2* D(w)
f(B,7y) = lim V/Ry - P (block) = s N o2 _ o/F ) L2 : (19)
f_oocb(m)d@(tpr - PR 5 ()
Ui ? lwz —7r n
R(B,7) = lim /R, E[W]_W+(f‘%‘é) ASBP) (307 () — o 157 2lo2etnd .
) = g _ |
fracel I’ e (%) 4B (1) + L2200 ¢(\/B;Tn2)e%wzq)(w)
and if =0,
[ o () vy
g8(7) := lim P*(delay) [ 14+ —= - 1)
o L () (n) +6(n)
F2(7) = lim /Ry - P"(block) = VMR (wVr) + 70 () | )
o Jlo® () do) + /1 A (n0(m) + ()
h(y) = lim VR, -E[W]= 1 (v2/r +1) ®(n) +nd(n) | o

20 Vom0 @ () o)+ /7 (n@(n) + 6()

where n = ”\;%F and w = %Tﬁ,

In this appendix we prove the heavy-traffic approximations of the system-measures introduced in Theo-

rem 1. As a first stage we present and prove four lemmas.

LEMMA 1. Let the variables A, s and n tend to oo simultaneously and satisfy the QED scaling conditions
in (11) with 8 #0. Define By as the expression

n—s—1
e o1 1., =&
3177R171—p ; ﬁRQe 2,
Then
P
lim B, — 2020

A—o0
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LEMMA 2. Let the variables A, s and n tend to oo simultaneously and satisfy the QED scaling conditions

in (11) with 8#0. Define By as the expression

—(R1+R2) n s n—s—l 1 l
e
Br= ;2 z(>

Then
/2 + 32
Alim By = we%ﬁ@(w).

LEMMA 3. Let the variables A, s and n tend to oo simultaneously and satisfy the QED scaling conditions
in (11). Define A as the expression
1o
A= > Tl te (F1+Ra), (24)

i,jli<s,
i+j<n—1

A1133014:/_B o <n+ (ﬁ—t)\/j:> do(t).

LEMMA 4. Let the variables A, s and n tend to oo simultaneously and satisfy the QED scaling conditions

in (11) with 8=0. Define B as the expression

Then

n—s—j—1

B—ef(R1+R2) ! R Z .RQ Z p'.

Then

lim B = %V% (n®(n) + 6(1)) .

C.1. Proof of Lemma 1
By using Stirling’s formula (s! ~A2ms (i)s), and QED assumption that /s(1 — Ry/s) — 8 as A — oo,

one obtains for Bj:

s—R n—s—1 1 s—R s ™ s—1 1
B, ~ e sVS —(Rg)le_RQ_e P —Rle 2
Vors o= ! Verp = !
es(1-p)

where p = and X, is a random variable with the Poisson distribution with parameter R,. When

A — 00, Ry — 00 too, since p, and § are fixed. Note that

X, — Ry < n—s—l—R2>
VR: = VR,

Now we need to find the limit for the following fraction

n—s— Ry

VR,

as A — oo using assumption that /s(1— Ry/s) — 3 as A — oo.

]P’(XA<n—s—1):IP’(

nos—Ry_ . omofostR OV VIR - pyr (25)

A—00 ‘/R2 A—r00 &_Rl /&—Rl V11—
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Hence, define n = ”\;f%f. Thus, when A — oo, by the Central Limit Theorem (Normal approximation to

and due to assumption QED (i) of the lemma we get

Poisson) we have

P(X,<n—s—1)—=P(N(0,1)<n)=®(n), as A— o0 (26)

where N(0,1) is a standard normal random variable with distribution function ®(-). It follows thus that
es-p) es(1—p+1np)

NGTT P ®(n) = Wﬂﬂ)

Blz

Making use of the expansion

(1-p)?

Inp=In(l—-(1-p))=—(1-p)— +o(l—p)%, (p—1)

one obtains

2 s(1—p)2
es(1—p—(1-p) - B525) e

d(n)=——+~———9
V2nB ) =""Tamg 20"
by QED assumption that /s(1 — R;/s) — 3, it is clear that s(1 — p)? — 32, when A — co. This implies
lim B, — 25)20)

A—o0 B

Blm

where ¢(+) is the standard normal density function, and ®(-) is the standard normal distribution function.

This proves Lemma 1.

C.2. Proof of Lemma 2

tnSRl Ro

v/ Ri+R2

Again according to Stirling’s formula, and the QED assumption tha — 1 as A — 00, one obtains

for Bsy:
By P Zl(R) _Mw R 1<R) -5
2rs 1—p = U\ p 27s —~
es(l_p)+R2(%ﬂ)
=————p"P(Ya<n—-s—1),
where p = m, and Y, is a random variable with the Poisson distribution with parameter %. Note that
Yy- 2 L Mose 1— &2
P(Yy<n—s—1)=P <
Ry Ro
ESE
n—s— 22
Now we need to find the limit for the following fraction \/TQP as A\ — oo using assumption QED (i).

_ P
Jim, & b, T = Jim ny/p+ NG
p p (27)
=y lim |/ PE1-p)=9— /%5
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Denote w =n— /2. Thus, when A — oo, by the Central Limit Theorem (Normal approximation to Poisson)

we have

Y, — B

2| = N(0,1)
Ry

P

and

PY,<n—s—1)—>P(N(0,1) <w) =P(w), as A — oo,

where N(0,1) is a standard normal random variable with distribution function ®. It follows thus that

o (1=p)+R2 (152) o (1=p)+ B2 (152 ) +nlnp
Box — " ®(w) = P(w).
- R Vs )

Making use of the expansion
1—p)?
mp=tn(1— (1)) =~(1-p) - P o2, (o1)

and using our assumptions that as A > oc0: p— 1, s Ry + VR, n~ %—l—'y, / %, and n—s~ Ry +1vRo,

one obtains

s(1—p)+Re <1pp> +nlnp=s(1—p)+ Ry (1[)/)) n<1p+ (12/7)2)

:—(n—s—%)(l—p)—(l; (n\ﬁJng—)( _p)_M

2

=(?—Z> (1—p)? —nV/Ra(1—p) (?—2<}}+7\/§>> (1—p)> = nV/Ra(1-p)
:(1’;2_?;)(1_[))2_17\/371_ 2 —nV/Ra(1-p)
RPN A

P Lp p 1 1
~ 2R o (Br1) g2 gy B = S + 87 + 50

op 2\ 6 1) 2
Therefore,
s(1— p)+R2( )+n1np —1(n?4+82%)+Lu? 5 3
lim By~ Blw)m o Y gy = SV B g,
A—oo Vs V2m3 B

This proves Lemma 2.

C.3. Proof of Lemma 3
We will find the asymptotic behavior of A by finding its lower and upper bounds. Let us consider a partition
{sn},_o of the interval [0, s].

spn=s—hr, h=0,1,...,¢; s,,1=0

where 7= [ey/Ry], € is an arbitrary non-negative real and / is a positive integer.

If A and s tend to infinity and satisfy the QED assumption that *==f1=L2 _4 y a5 X\ — o0, then £ < £
T

1+R2

for A big enough and all the s, belong to [0,s]; h=0,1,...,¢. Emphasize that the length 7 of every interval
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[$h_1,8,] depends on A. The variable A is given by the formula (24). Let us consider a lower estimate for A

given by the following sum:

4 Sh n—sp—1
1 . 1 .
Aza=Y S LR Y LRt
h=0i=sp41 j=0 J:
' Sh 1
=Y > =R "P(Y,<n—s,—1) (28)
7!

h=0i=sp41

¢
= ZP(S}L+1 <X,< Sh)P(Yn <n-—s,— 1)

h=0
where X, and Y, are independent Poisson random variables with parameters R; and R, respectively.
If A — oo then R; — o0, since p and p are fixed. Note that
Sh+1—R1 < X, — Ry < Sh_Rl)
VR VR T VR
Thus, when A — oo, by the Central Limit Theorem (Normal approximation to Poisson) we have

X,—R

IED($h+1 <X, < Sh) =P <

= N(0,1).
v Ve
Since
. Sthl . S*h€\/R17R1 . leﬂx/lehG\/leRl
lim =lim ————— = lim =p—he
A— 00 1/R1 A— 00 1/R1 A— 00 1/R1
we obtain:

P(spi1 < X, <) =D(B—he)—®(B— (h+1)e), h=0,...0—1
29
P(0< X, < s¢) =®(S — Le). (29

Similarly, if A — oo then Ry — 0o, since p,d and  are fixed. Note that
Y, — R < n—sh—Rg)
VR: = VR:
Thus, when A — oo, by the Central Limit Theorem (Normal approximation to Poisson) we have
Y, — Rs
VR,

P(Yn<n—sh):]P’<

= N(0,1).

Since

. n—sh—Rg . n—s—he\/Rl—Rg . R2+7’]\/R —hE\/Rl—RQ \/Rl 0
lim ———= = lim = lim =n—he =n—hey| —,
Ao /Ry A=roo VR, Ao VR, VR, pp

we obtain:

P(Yngnsh)¢<nhq/5>, h=0,..0 (30)
pi

It follows from (28), (29), and (30) that

}LHoloA > }L_O(CD(B — he) — (B — (h + 1)e))® <nhe\/z> + O(8 — le)® (7766\/5) (31)

which is the lower Riemann-Stieltjes sum of the integral

—/OOO@<n+w\/z>dq)(ﬁ—w):/_i@(nﬂﬂ—t) p‘;>d<b<t> (32)
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corresponding to the partition {8 — he}:_, of the semi axis (—oo, 3). Similarly, let us take the upper estimate

for A as the following sum:

0 Sh 1 n—sp41—1 1
A<A=)" > <Rie™ Y —Rje ™
h=0i=sp41 v j=0 J:
£ Sh 1
=y Y i—'Rﬁe‘RP(Yngn—shH—l) (33)

h=01i=sp 41

¢
= ZP(Sh-H <X, < sh)]P)(Yn <N —Spy1— 1)

h=0

where X, and Y,, are the same random variable as before. Using the same calculation that were computed

for the upper boundary we obtain

lim A< Y (®(B—he)—®(B— (h+1)e)) @ (n —(h+ 1)6\/g> + (B — le) (34)

h=

which is the upper Riemann-Stieltjes sum for the integral (32). When ¢ — 0 the boundaries (31) and (34)

lead to the following equality

. (" d (7 v —t\T
lim A= ¢><n+(ﬁ—t) W)d(b(t)—/_m@(m)dfb(t)

—o0

This proves Lemma 3.

C.4. Proof of Lemma 4

F  irst, we will rewrite Equation (24):

n—s—j—1 n—s—j

n—s—1 n—s—1
1 1 . 1 1 1-p
—(R1+R2) s j i _ ,—(Ri1+R2) s R
B=e (MR ;:o L ;ZO pr=e R SRy ;:0 i

When =0, as A — oo, by the QED assumption that /s(1 —p) — 3, p=1. Therefore,

n—s—j—1

Z pPl=n—s—1j.
i=0

—5—

When 0, p— 1 but still p# 1, the expression ="~

P

can be approximated by 11%”; ~ 1. Thus,

n—s—j—1

plgq;p n—s—j,
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which is the same phrase as when p=1. Hence,

n—s—1
1 1 ,
B%ei(R1+R2);R15 E ﬁRgJ(ﬂ,*S*j)

§=0

:e*<R1+R2>1! 15< n—s) Z R2 — Z R2 -~ Z R2>

n—s—1 n—s—2
*(R1+R2) < n—s) Z l'Rl Z R2 — R, Z R2 )
n—s—1 n—s— 2 n—s—2
—<R1+R2) ( n—s) Z guRl Z Z,Rl Ry Z l,Rl>
(s S PR |

n—s—1
1 Ri—%e Fa
~ s—R R Rl —R2+
¢ \/27T8p <( 2) Z (n —s—l))

=0

1 "Lt J
— e l —R2 2
V2rs ((n s~ Ro) Z l'R +( —s—l)!)'

=0

As seen in Equation (26)

n—s—1

1
(n=s=R) > Rye™™ =V R0(n)

1=0
By using Stirling’s formula:
Ry e~ (n—s)Ry e (n—s)er o ( R, )"5

(n—s—1)! (n—s)! ~ 2m(n —s)

(n—s)e””*Rﬁ(”’s)m(%) [T =5 (n—s)(1-
= == e
2 (n—s) 2

By assuming that “=5=f1=F2 . » when A — co
\/ Ri1+R2

(n—s) (1 nR_28 +ln<npfs>) =(n—s) <1 nR_QS - (1 nst) ;(1 nR—28)2>

:_n—s<1_ R, >2:_1(H—S—R2)2N_1 (W\/FZ)Q (n\ﬁ)2 ~ _n
5

n—s

(72)).

2 2 n-s  2nJRa+Re _imﬁ+R2

Therefore, by the QED assumption that % —n.
1 2

[n R /
2 - (n 5)( R2 -Hn R2 + 2 +R2¢ )
Combining the above approximations and the assumption that =0 and therefore s = R, yields
n—s—1
1 1 Ry *e~ Ttz
Bx —s—Ry) —Rye 4 22—
V2ms <( ° 2) Z T +( —s—l.)
¢(n))

)!
(m/><1> - @¢(n)) = \/\/% (n®(n) +

. 2?( B+ o) = | = (0 (n)+¢(n))=\/7\/127(n<1>(77)+¢(77)).

This proves Lemma 4.

n—s

:U
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C.5. Approximation of the Probability of Delay

The first approximation will be for the measure: the probability of waiting or the probability of delay.
THEOREM 2. Let the variables A, s and n tend to oo simultaneously and satisfy the QED scaling conditions

in (11). Then if B#0

lim P(W > 0) =

A—o00

<1+ BJ7 @ (n+(8—1t)VE) do(t) >
6(B)0 () — BV T et d(w) |

and if B=0,
~1
0
I° cp(v tﬁ)d@(t)
lim P(W >0) = | 1+ i ,
h V5 (1) + 6(n))
wheref: Vs W,w n—pBvETL.
Proof: By the Arrival theorem for closed networks,
n—1 m n—1 m
BV 20/~ B (Q1(00) 2.0 = 30 3 iom—) =i 303 ki
where
n—1 1 n—1 m 1 1 -1
-1 m—i
o= (R1+ R2) — ———R'R} .
T (; l' 1+ Ho +mZS;<S|Sz s Z') (m —i)! )
Thus,
AN\
W >0 14—
weo=(1+3) .
where
n—1 1 n—1 m
A= ﬁ(R1+R2 e~ (R1i+R2) _ ZZZ' R’me io—(Ri+R2)
=0 m=s i=s
— Z 7RZRJ —(R1+R2)
3,j5]i<s, ‘7
i+j<n—1
n—1 m 1 1 n—s—1n—j5—1
= i m—i,—(Ri1+R2) _ j ,—(R1+R2)
B_mZ:S;s!s“S 1(mfi)!R2 e Z ZZ 5'51 R R o
n—s—1n—s—j—1 11 -7l n—s—j—1 (35)
_ its —(R1+Rz) _ s ,—(R1+R2)
S ke e = ey LTS
7=0 =0 7=0 =0
= =

Then under the QED assumption that /s(1 —p) — 8, —oo < < oo, if B#0 as A — oo, we can rewrite

the right-hand side in the following way:

Rse—(Rl—Q—Rg) Z

n—s—1 n—s—1 j
1 1 . 1 e 1 /Ry’
:7Rie—(R1+R2) Z —_RI ——Rie_(R1+R2)p = ( 2) — B, - B,.

na]

— TRRCHEN _
s! 1-p = 7 s! 1 = J

hS)
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Applying Lemmas1-3, if 5 #0 we get

Bf° @ (n +(B- t)\/g) o) \

B(B)2(n) — d(viZ + B2)ez*" d(w)

lim P(W >0)= [ 1+
A—00

Applying Lemma 3 and 4 when 8 =0 we get
-1

IO @ (hE) da(t)
lim P(W >0)= | 1+ (” )

e VEE T 02+ 6(n)

C.6. Approximation of the Expected Waiting Time

—

This proves Theorem 2.

In this appendix we will prove the approximation for the expected waiting time, stated in Section 4.2. The
exact measure was defined in Section 3.2. For convenience we state the theorem here again. The first theorem

gives the approximation for the case where g # 0.

THEOREM 3. Let the variables A, s and n tend to oo simultaneously and satisfy the QED scaling conditions
in (11) with 8 #0. Then

1 w2
i \[E 1 <é __n_ _ B2> (]5( /572 +1n ) fD(w) + ¢(Bz)§(n) _ ¢(z\3}gﬁ(n)
ALH;O [ ] morB P _ dq) $(B)2(n) _ #(+/B2+n?) leq) ’
SO @+ (B = )VE) dD(t) + 55 Vo e (w)

wherefz%zﬁ, w=mn—P/ET.

Proof: It follows from (6) of the manuscript that the expectation of the waiting time is given by

) n—1 m
E[W]:/ pa(s;t)d Zan 1(i,m—0)(i—s+1)
O m=s i=s
n—1 m n—1 m
—Zanlzm—z (i—s) —i——Zanlzm—z (37)

n—1 m
—ZZWnlzm (z—s)—i- IF’(W>O) C+ D,

where D is given by

1 1 B
D=—PW>0)=———
1S (W>0) us A+ B

and A and B were defined in ( 4) and (35), respectively, and C is given by,

1 m
anlzm )(i—s)
=5 i=s

slsi=s (m —1)! e ps  A+B

n—

3

We will rewrite G in the following way:

n—1 m n—s—1n—j—1 j
l

i Rmz )
¢= Zzs'sl s (m—1) Z Z s'sl s 4l

m=s 1=s

(i—s)

n—s—1n—s—j—1 i nslnsgl
RZ+52 R

Yy RS vl
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Using the formula
M+1 , M+1 1 pM

le*p(Zp) *p(li p )ZiMpl—erp(l—p)Q’

we can rewrite G as a sum G = G + G5, where

n—s—1 : i
_ R P R
Gi=-BY s B
7=0
and 1 .
Rs n—s— 1_pnfsfjfl RJ
G :71 772'
S Z P
Therefore,

s n—s—1 n—s—j J
G1:—R1 Z (n—s—j—l)p &

s! = 1—p !
Rs n—s—1 pn s—j R Rs n—s—1 pnfsfj RJQ
SRURENE | ol e WG | S mas:
s 1-p j! s! = 1—p 7!
n s Ré n—s—1 (RQ//)) R2/p
:—(n—s—l)l_ps' > i Z
= =0
n—s s n—s—1 n—g N—s—2 :
sy £ RSN Rafo) | B R g NS ()
1—p s = j! sl p1l—p g ;!
n s Rg n—s—1 (RQ/p) Rs 1 Rgfs
= — — _R _
(TL S 2/p )1 p S' ]go jl S' 17 (TL*S*I)'
1 Ry Ry

— e -1 R1+R2B _
(n=s—=Ra/p=1)e P 1—p s (n—s—1)

where By was defined in Lemma 2. For GG, we have,

Ry p nfl(l_pn*fl)i@_Ri p nflRé Ry p" "N (Ra/p)

s (1—p)? Fi !

= IR DS N G

=0 =0

1
=eftttB2 ___ (B, — B
€ 1 . p (p 1 Q)a
with B; as in Lemma 1. Note that

R R
n—s—f—lzﬁg—n Rg—f—l:Rg(l—l/p)—G—m/Rg—l

R
=R
2( VR,
for s large, where £ = Ry /Ry = 6 /pp. Furthermore,
1 Rj Ry™ _n—-sRi Ry
I—p sl (n—s—1! 1—p s (n—s)!

% et 2P (Pois(R,) = s) P (Pois(Ry) =n — s)
_ Ry+nVRy oR1+R: ois — ois =n—s
Ty, P (Pois(R1) = s) P (Pois(;) )

= \/]?geRlJ“R? 3 VRiP (Pois(Ry) = s) - \/RoP (Pois(Rz) =n — s))

1
~ /R, ef1tf: NGE o(B)p(n),

1_S>+?7\/1“’72—1=1*?~ ﬁﬁ 7 R2—1zﬂ(nﬁ—ﬂf)%ﬁ(n/x@—ﬂ/&),
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where we used that v/ RP(Pois(R) = R+ zvR) — é(z) as R — oo. Hence, we have for Gy
T2 ,
Lot G, (/e pge) - QYT 3 0y - L a(@)em)

s B8 Vep
and for G,
%e—(R1+R2) Gy = %l%p (pBy — By) ~ % (pBy — By)
d 24n2) Lo
. ¢(ﬁ;2 (n) _ ¢(x/662+77 ) oo B(w),
as s — oco. In total, this gives
i —(R1+R2) 1 _ lwz (ZS(B)@(/O) . ¢(5)¢(/’7)
se G_><€ BVE 62) VB Hm)er” 2lw)+ =g ves @

We can conclude,

\/EE[W] \/7G6 (R1+Rz2) \/> (W 0) \/g Ge—(F1+R2) 1

Yo P(W >0
1S A+ B us us A+B +,u\/§ ( )
12
1 _ 1 > o o(B)2(n) _ $(B)o(n)

| (-5 ) oI 3 () + 2 sl

2 72 lw ’
: f_ﬁco<1>(n+(5—t)\/3)dq>(t)+ 4’(3);(”) ¢<\/ﬂﬁT) 2 B (w)
as § — 0Q.

The second theorem gives the approximation for the case where 5 =0.

THEOREM 4. Let the variables A, s and n tend to co simultaneously and satisfy the QED scaling conditions
in (11) with B=0. Then

lim V/EE[W] = — £ (0P + 1)@ (n) + 0o ()
e 20 v/27 [ @ (n— /) d®(t) + VET (n®(n) + o(n))

whereﬁz%zﬁ w=mn—P/ETL.

Proof:  As before
1 Ge~(hi+R2) 4 B

E[W]= —
W s A+ B

(40)

Since =0, we have p=1 so that

Ré n—s—1ln—s—j—1 R R "oosl R
IDIED I =S s s -1 2
i=0

i il
! s !
1 R n—s—1 j . 1 R‘i n—s—1 j
§j(n—5—1) Z T(”—S—J)—§j Z *,(n—s—J)
j=0 7=0
1R n—s—1 j . 1R n—s—2 R]
Y Bas L Ry B
j=0 =0
n—s—1 n—s—1
1 RS ~ 1R R}
) Y B LY B
j=0 j=0
n—s—1 n—s—1 i n—s—1 i
1 Ry ' RY 1 R; ' R} L LR R}
=3 (n—s—1) Z —'(n—s ])—5 PR T(n—s—j)+§s! R, Z T
j=0 7=0 7=0
1 RS n—s—1 5; . 1R n—s—lR
5o (n—s—Ra-1) j—!z(n—sf])+§f'l > Y 7’2
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Here,
e,Rznfg%(n_s_j) Z *?—G’R% ZR*,
— ! — | !
—oF2 (nng)n:OlRé+eR2(ns) (fis)!
=nv/RyP(Pois(Ry) <n—s—1)+ (n—s—1)P(Pois(Ry) =n — s)
=1/ Ry P(Pois(Ry) <1 — 5) + (Ry — 1)P(Pois(Ry) = n — s)
~ VR (n®(n) +6(n) = VETVR (n®(n) + 6 (n)) .- (41)
Furthermore
n—s—1—Ry=nVRy— 1~/ VR, (42)
and

s n—s—1 J
om-r B Ry Y & =& \/Ry /R P(Pois(R,) = s) P(Pois(Ry <n — s — 1)~ \/Ri£ 1 ¢(0)®(n). (43)

! !
s! = 7

Combining (41)-(43), we find

oG e S € /Ry B(Pois(Ry) =) (1 (s) + () + Wz? 5(0)2(0
z15-177@(77@(77)+¢<n>)+§e-lm¢<0>¢> f& 8(0) [(7 + 1)2(0) + 1 6(n)]

2

for R; large. Hence, we can conclude
— _ VRy Ge?™r7R /Ry 1 e Fi-Rqg 1
 EW] = us A+B + us PW>0)~ VRiuy A+B +¢E,u
N 0 + 1)@ () +né(n)]
0 )
202w [T ®(n—tyE)dD(t) +VET(n®(n) + (1))

where we used that ¢(0) =1/v27, and n= \;%’7.

P(W > 0)

C.7. Approximation of the Blocking Probability
We prove here the approximations given in Theorem 1 of the probability of blocking. For convenience we

repeat here the relevant theorem.

THEOREM 5. Let the variables A, s and n tend to co simultaneously and satisfy the QED scaling conditions
in (11) with 5 #0. Then

w2
lim /sP(block) = VTO(7)P(—wy/T) + d(vn? + 5% )e T P(w) (44)
o J7 @ (n+ (B—t)VE) dd(t) + D20 (”(\/’7;*752)@%%1)((4,)
where n = ”\;%F, andw:n_ﬁiv\lﬁfr:%rﬁ.

Proof: Tt follows from (5) that the probability of blocking is given by

- 1 » 51+ 8,
]Pn:']T R Rn z+ 7Rn K =,
°<Zz - > (=t ) GG

i=0 i=s+1
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where

Z Rn [ 7(R1+R2)
il

1 ) 1 )
— E - pi_— pn—i,—(Ri+R2)
02= slgi=s ! (n—1)! Ry

1=s+1
A: Z RzRJ —(RIJFRQ)
z‘,j\igs
i+j<n
~ 1 n—s l
e~ (R1+R2)
= is ZZIR

- -1
By = i il () e~ (Fithz)
=0
Note that by Lemmas 1,2 and 3

lim B, = lim B, — w

)

A— o0 A—o00
~ \/ 2 2 1
lim By = lim By = Mean%q)(m),
A—o00 A—o0 ﬂ
s 1)
hmA—hmA D In+(B—1t) ) — | dP(t),
Jim e nr@-ny ) de
(51 :i:le Rn i 7(R1+R2) _ 1 e (R1+R2)Z n! R Rn i
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where X, is a random variable with Multinomial distribution with parameters (n,p;,p;), p; = ﬁ
p; = m, Y, is a random variable with Poisson distribution with parameter R; + Ro, and X I is a random

variable with Binomial distribution with parameters (n,p;). By the CLT and the use of (27)
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By the normal approximation of the Poisson distribution:

1 n—(Ri+Ry)\ 1 N/ + 8
5 =)~ o (" >“¢5¢1+Pg‘¢<¢1+?>' (40

We based on the following equivalences (as A tends to o) to develop Equations (45) and (46):

A A 2
R1+R2=(1 p)u—l—(lpp)é%s—l—(l—p)s,u((lpp)é):s(l—&—'tgp) (14—21)
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S
%n\/%ﬁ-ﬁ\/&
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Following Equations (45) and (46) we get
D D
5y = P(Yy = n)P(X] < 5) ~ —— ¢<"V5+ﬂ>¢<ﬁv : "). (47)

Now lets find an approximation for Ss.
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When comparing d5 to By form Equation (36), we observe that

62 = (1 — p)32 ~ 5532

Therefore, based on the approximation of By from Lemma 2 we get

lim_ 0009 = Me%WZ@(w).

NG
This proves Theorem 5.

The next theorem gives the approximation for the case where 5 =0.

THEOREM 6. Let the variables A, s and n tend to co simultaneously and satisfy the QED scaling conditions
in (11) with $=0. Define and £ = g—; = ﬁ, then

.
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where n =
Proof: Tt follows from (5) of the manuscript that the probability of blocking is given by
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where
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Note that by Lemmas 3 and 4
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In addition, the approximations for ¢; and J, are the same as the proof of Theorem 5.
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This proves Theorem 6.
Appendix D: Proof of Proposition 3
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since nr/s=14O(1/+/R;). Also,

(148)"C(s,n) = ;0 (Z) (1ib>k <1ib)k - ;) (Z) PR (1 — )k

=P(Bin(n,r) < s) = & (W) .

Therefore, we have (14 b)""[C(s,n) — A(s,n)] — 0 as A — oo. For the remaining term,
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as A — oco. By Stirling’s approximation,

r\" n! r\™ [n n"e "
<7) gt es/b ~ (7> e s° es/b

s/ sl s s se®
= ()" [Eemrn o (1) [Eonren
s s s s
Since, S
™ YT —

=R =R 01/ Ry,

we find \/n/s=1/y/r +O(1/v/R;) and
S (EOR i B
o (G I R PO
-2 G () e v

r S

(7\[ B)? +O(1/\/Ry),
as R — oo and hence,
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Hence, we conclude that the denominator of (49) converges to a constant value as A grows, and hence the

1 — prmax(s,n) = 0 as A — oo.
Appendix E: Numerical results on accuracy of the asymptotic approximations

To see how this heuristic approach performs under different settings, and particularly if R; — oo, we compare
here the approximated delay probability in the Erlang-R model with holding as solution of the fixed-point
procedure to the outcomes of simulation experiments.

In this section, we examine to accuracy of the asymptotic approximations of Theorem 1 and the heuristic
method in Section 4.3. We perform our numerical experiments for three case instances, with parameter

settings as in Table 1.
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7 0 P r

Case 1
Case 2
Case 3

1 0.10 0.90 0.10
1 025 0.75 0.25
1 0.50 0.50 0.50

Table 1

Parameter settings for numerical experiments.

E.1. Restricted Erlang-R model with blocking
=1 v=1 f=1,y=2 =2 v=1
R| P) vRPb) vREW]| PWd) vRP(Db) VvREW]| P@W) VREPb) VRE[W]
5| 0.1270 0.0900 0.2283 | 0.1553 0.0212 0.1085 | 0.0237 0.0868 0.0282
10| 0.1340 0.0910 0.1919 | 0.1628 0.0206 0.1205 | 0.0206 0.0872 0.0188
251 0.1981 0.0945 0.1614 | 0.2356 0.0216 0.2145 | 0.0277 0.0876 0.0123
50| 0.1513 0.0963 0.1588 | 0.1830 0.0205 0.1496 | 0.0185 0.0913 0.0116
100 | 0.1880 0.0956 0.1532 | 0.2231 0.0224 0.2055 | 0.0232 0.0888 0.0103
250 | 0.1797 0.0971 0.1399 | 0.2143 0.0219 0.2057 | 0.0203 0.0905 0.0093
0.1767  0.0981 0.1437 0.2108 0.0217 0.1947 | 0.0188 0.0914 0.0084
Table 2 Numerical results for Erlang-R model with blocking for Case 1.
f=1,v=1 f=1,y=2 f=2v=1
R,| P@) VvRPOb) vREW]| PWd) vRPb) vREW]| Pd) vRPb) VREW]
5| 0.0911 0.1538 0.0479 | 0.1431 0.0345 0.0909 | 0.0130 0.1484 0.0044
10| 0.1010 0.1498 0.0560 | 0.1520 0.0326 0.1025 | 0.0121 0.1432 0.0042
251 0.1594 0.1509 0.1058 | 0.2192 0.0405 0.1785| 0.0182 0.1383 0.0070
50| 0.1201 0.1506 0.0726 | 0.1697 0.0381 0.1248 | 0.0119 0.1415 0.0043
100 | 0.1514 0.1539 0.1001 | 0.2088 0.0398 0.1704 | 0.0154 0.1413 0.0059
250 | 0.1459 0.1524 0.0957 | 0.2003 0.0397 0.1618 | 0.0136 0.1403 0.0051
0.1429 0.1569 0.0940 ) 0.1976 0.0391 0.1617 | 0.0126 0.1445 0.0048
Table 3 Numerical results for Erlang-R model with blocking for Case 2.
R,| P(d) VRP(b) vREW]| PWd) vRP(b) vREW]| Pd) vRP(b) VREW]
51 0.0547 0.1945 0.0221 | 0.1181 0.0604 0.0617 | 0.0034 0.1888 0.0009
10| 0.0579 0.2158 0.0237 | 0.1325 0.0526 0.0746 | 0.0030 0.2093 0.0008
25| 0.1113 0.2086 0.0544 | 0.1959 0.0641 0.1311 | 0.0070 0.1937 0.0020
50 | 0.0813 0.2050 0.0363 | 0.1523 0.0562 0.0933 | 0.0043 0.1946 0.0011
100 | 0.1060 0.2146 0.0509 | 0.1873 0.0632 0.1250 | 0.0061 0.1999 0.0017
250 | 0.1006 0.2179 0.0475| 0.1820 0.0596 0.1214 | 0.0052 0.2037 0.0014
0.1011 0.2185 0.0478 | 0.1792 0.0605 0.1199 | 0.0052 0.2039 0.0014
Table 4 Numerical results for Erlang-R model with blocking for Case 3.
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E.2. Restricted Erlang-R model with holding

B=1 v=1 =1, v=2 B=2 v=1

Ry | PW) VvREW]| Pd) vVREW]| P(d) VRE[W)]
5| 0.1532 0.1031 | 0.1628 0.1216 | 0.0310 0.0121
10| 0.1622 0.1272 | 0.1697 0.1331 | 0.0267 0.0123
25| 0.2340 0.2116 | 0.2413 0.2342 | 0.0348 0.0171
50| 0.1817 0.1468 | 0.1890 0.1678 | 0.0240 0.0108
100 | 0.2199 0.1931 | 0.2304 0.2269 | 0.0293 0.0143
250 | 0.2110 0.1852 | 0.2176 0.2230 | 0.0256 0.0120

0.2076 0.1777 | 0.2187 0.2050 | 0.0229 0.0104
Table 5  Simulated and approximated probability of delay in Erlang-R model with holding for Case 1.

B=1v=1 =1, vy=2 =2 v=1

Ry | PW) VvREW]| P) vREW]| P(d) VRE[W]
5| 0.1327 0.0740 | 0.1620 0.1096 | 0.0219 0.0079
10 | 0.1446 0.0894 | 0.1683 0.1207 | 0.0199 0.0073
25| 0.2204 0.1631| 0.2442 0.2203 | 0.0283 0.0128
50 | 0.1694 0.1122 | 0.1888 0.1507 | 0.0190 0.0078
100 | 0.2098 0.1524 | 0.2322 0.2111 | 0.0244 0.0097
250 | 0.2033 0.1534 | 0.2190 0.1979 | 0.0214 0.0083
0.1840 0.1277 1 0.2109 0.1759 | 0.0169 0.0066

Table 6 Simulated and approximated probability of delay in Erlang-R model with holding for Case 2.

B=1 ~v=1 =1, v=2 B=2 v=1

R| PW) vREW]| Pd) vREW]| P(d) vREW]
5| 0.0977 0.0413 | 0.1521 0.0851 | 0.0072 0.0019
10| 0.1070 0.0469 | 0.1648 0.1028 | 0.0067 0.0018
25| 0.1926 0.1076 | 0.2421 0.1874 | 0.0148 0.0043
50| 0.1431 0.0727 | 0.1876 0.1342 | 0.0092 0.0025

100 | 0.1855 0.1012 | 0.2282 0.1714 | 0.0132 0.0038
250 0.1775 0.0963 | 0.2217 0.1765 | 0.0114 0.0033

0.1442 0.0711 ) 0.1981 0.1354 | 0.0078 0.0022
Table 7 Simulated and approximated probability of delay in Erlang-R model with holding for Case 3.
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